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Abstract Inferences acquired by applying clustering analysis of microarrays cannot be
reliably assessed before data-originated errors are quantified, an exacting task that is often
not performed. Here, we present a novel and fast clustering technique, pair-wise Gaussian
merging (PGM), suited for this purpose. Designed for systems with normally distributed error,
PGM treats each observation as a Gaussian distribution function, with error as width, uses
a simple but exact mathematical relation to track error at every step of clustering, and gives
results from which quantitative statistics are easily extracted. PGM is built on a framework of
agglomerative hierarchical clustering, uses t-value as distance and requires no linkage criteria.
We demonstrate the merits of PGM by applying it to a segmentation algorithm for DNA
copy number analysis (SAD) which, by comparing it’s performance to existing algorithms,
we verify that it: provides quantitative statistics for predictions; is simpler in formulation; is
less thirsty for memory; offers higher accuracy; and for today’s typical array size, is faster
by orders of magnitude than its nearest competitor. With only two user-adjusted and easily
comprehended parameters, SAD is highly user friendly. SAD’s running time scales linearly
with data size and is therefore ideally suited to the challenge of ever-growing array resolution.
On a typical modern notebook, SAD completes high-quality copy number analysis for a 250
thousand-marker array in ∼1 second and a 1.8 million-marker array in ∼8 seconds.

Introduction

All measurements, especially those involving microarray, carry inherent error. Fig. 1 (b)
shows the typical signal to noise ratio (SNR) in a typical present day microarray experi-
ment may be as low as 2; it can get lower with stromal contamination. The reliability of
inferences acquired through analysis of microarray data therefore cannot be assessed un-
less errors associated with data are quantified. Here we address this problem for systems
with normally distributed measurement errors (Fig. 1), a trait characteristic of modern
microarrays. For this purpose and using a framework of agglomerative hierarchical clus-
tering, we developed a technique, pair-wise Gaussian merging (PGM). The clustering
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framework requires two elements, a metric that measures inter-observation distances,
and a linkage criterium that specifies a distance threshold for deciding whether sets of
observations are linked. In devising PMG we materially treat an empirical observation
as, instead of a simple measurement, a probability density function (PDF) for predicting
the true value of the measurement, and exploit an exact mathematical relation perfectly
suited for systems with normally distributed errors and therefore have Gaussian dis-
tribution functions (Gaussians) as PDFs: the product of two Gaussians yields a third
Gaussian. Using this relation and t-tests, PGM makes clustering decisions and tracks
error at every clustering step. At the end of a clustering procedure, each final cluster is
assigned a Gaussian for true-value prediction with an error that decreases with cluster
size, such that quantitative statistics are easily derived.

DNA copy number variation (CNV) refers to amplification or deletion of chromoso-
mal segments. It suggests abnormal mRNA transcript levels that may be an indication
of malfunctioning of cellular processes. Locating CNVs in comparative genomic DNA
samples [1, 2, 3] is an important step in understanding the pathogenesis of many diseases,
especially cancer. In practice, today’s CNV research involves one-sample segmentation
analysis (e.g. GLAD [4], CBS [5] and CGHseg [6]) followed by multi-sample aggrega-
tion analysis (e.g. STAC [7], GISTIC [8], and KC-SMART [9]). The former locates
breakpoints within chromosomes while the latter assesses aberration significance for
identifying disease-driving genes.

These segmentation-aggregation processes do not adequately address the issue of
measurement error. Typically, because most segmentation algorithms lack quantitative
statistics for its predictions, the ensuing aggregation procedure relies on ad hoc scoring
and a null model based on location permutation to generate quantitative statistics. This
leads to some problematic issues: (a) Aggregation relies on ad hoc scoring and ignores
variation in cluster error that, owing to the segmentation process, is inherently site de-
pendent. (b) Null models based on location permutation are not viable when large-scale
aberrations exist in profusion. (c) User selected parameter values, which implicitly define
probability thresholds for segmentation and aggregation – the segmentation threshold
delineates CNVs from normal segments and the aggregation threshold defines a signifi-
cance level – should be consistent, but are not, because the parameters do not both have
clear statistical meanings.

PGM provides a solution to these problems because, typical for modern arrays, sta-
tistical errors in log 2-ratios of two microarrays tend to be normally distributed with
essentially a scale-independent variance (Fig. 1). Based on PGM, we developed an al-
gorithm for studying CNV: Segmentation Analysis of DNA (SAD). In what follows we
describe the principle of PGM and the formulation of SAD, demonstrate the merits
of PGM by testing SAD against existing algorithms in accuracy, speed and memory
requirement, and validated SAD on two datasets.

Results
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Pair-wise Gaussian Merging

Given a measured value ν, the conditional probability (CP) for its true value be-
ing y is Pr(y|ν)=Pr(y ∩ ν)/Pr(ν). Similarly, given a set of independently measured
values Ω={νi|i = 1, ..., w}, we have Pr(y|Ω)=Pr(y ∩ Ω)/Pr(Ω) and, from the in-
dependence of events, Pr(y ∩ Ω)=

∏w
i=1 Pr(y ∩ νi), Pr(Ω)=

∏w
i=1 Pr(νi). Therefore,

Pr(y|Ω)=
∏w

i=1 Pr(y|νi). In case of continuous variables, the probability that the true
value lies in the interval y to y+dy is Pr(y; dy|ν)=dyD(y|Ω), with D(y|Ω) ∝

∏w
i=1D(y|νi),

where the D’s are PDFs. Given that array errors are normally distributed (Fig. 1) with initial
variance σ̃2, we approximateD(y|νi) by a GaussianG(y; νi, σ̃2)=(σ̃

√
2π)−1exp(−(y−νi)2/2σ̃2).

Repeatedly using the relation that a product of two Gaussians is another Gaussian we have

G(y;µ1, σ
2
1)G(y;µ2, σ

2
2) ∝ G(y;µ, σ2);

µ

σ2
=
µ1

σ2
1

+
µ2

σ2
2

;
1
σ2

=
1
σ2

1

+
1
σ2

2

, (1)

D(y|Ω) = G(y;µ, σ2); µ =
w∑
i=1

νi/w; σ2 = σ̃2/w. (2)

We call this method of merging Gaussians to obtain a PDF from a set of measurements
Gaussian merging (GM). The formulations of both µ and σ are intuitively understood: µ is
the mean of the measured values and σ2 is inversely proportional to sample size, as expected.

To allow the possibility that Ω comprises multiple subsets each the manifest of a different
true value, we conduct a two-sample t-test (for independent samples with equal and known
variances), before merging two Gaussians, Gk≡G

(
y;µk, σ2

k

)
, k=1 and 2, using the t-value, or

resolvability,

t(G1, G2) ≡ µ1 − µ2

σ̃

(
1
w1

+
1
w2

)−1/2

. (3)

Given threshold resolvability t0, we say G1 and G2 are resolvable if |t(G1, G2)|≥t0, in which
case the two Gaussians are kept separate, and are unresolvable and merged otherwise. The
following three-step procedure, which we call PGM, partitions Ω into resolvable subsets: (1)
Select t0. (2) Identify the unresolvable pair of Gaussians with the smallest |t| and use GM
to merge the pair. (3) Iterate step (2) until all remaining pairs are resolvable. PGM is a
type of agglomerative hierarchical clustering using |t| as distance. In the present application,
only spatially contiguous data (except when separated by an outlier) are merged, and the
partitioned subsets correspond to segments of different log2-ratios.

Normal distribution of microarray data and scale-independence of variance
An Affymetrix 500K copy number sample data set (http://www.affymetrix.com) was used
for verification of these properties. For illustration, Fig. 1 shows (a) the distributions of two
∼8,500-marker sections of log 2-ratios of copy numbers from the (CRL-5868D,CRL-5957D)
STY pair in chromosome 2 are (b) in excellent agreement with Gaussians – G(y; 0.36, (0.22)2)
and G(y;−0.12, (0.22)2), respectively – having different means but a common variance. These
two sections and an 8000-marker artificial section with G(y; 0, (0.22)2) noise with the same
variance were used to study the dependence of σ̃2 (estimated using Eq. (4)) on sample size.
For a given n, each of the three was partitioned into sets of n contiguous markers plus a
remainder, and the mean and standard deviation of σ̃ for each section were computed. Fig. 1c
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shows the average σ̃ is close to 0.22 for all n’s while the deviation in σ̃ is approximately
proportional to n−1/2.

The SAD Algorithm

The operational principle of SAD is schematically illustrated in Fig. 2. In the case shown,
the original ten pieces of data are predicted by SAD to have an underlying structure of two
segments. SAD has two modes: the linear mode (LM) for low-resolution arrays or when
computation time is not a concern, and the parallel mode (PM) otherwise. LM has a single
parameter t0 while PM has an additional parameter Ns whose default value of 100 is highly
recommended. We designate a SAD run in LM mode by SAD(t0,−) and in a PM mode by
SAD(t0, Ns). The steps in LM are: (1) Computation of σ̃. Let {νi|i = 1, N} be the initial data
of log2-ratio, qi=νi+1−νi and qIQR be the interquartile range of qi (or the difference between
the 25th and 75th percentiles of the ranked qi’s), then

σ̃ =
qIQR

1.349
√

2
, (4)

where 1.349 is the interquartile range of G(y; 0, 12) [4]. Treat each marker as a single-marker
cluster and assign G(y; νi, σ̃2) to the ith marker-cluster. (2) Selection of t0. This stipulates
when PGM iteration stops and addresses the statistical issues discussed in the following sub-
sections. (3) PGM Phase I. Perform chromosome-wide PGM iteratively (see details in SI)
to all contiguous cluster pairs. At the end of this phase each remaining single-marker cluster
is a loner whose existence prevents the merging of its two neighboring clusters even if they
are resolvable. (4) PGM Phase II. Along with contiguous pairs, continue step (3) to merge
loner-divided pairs. After a loner-divided pair is merged the dividing loner becomes an outlier
and is excluded from subsequent calculation. At the end of this stage each of the resultant
clusters is a segment with an associated Gaussian G(y;µ, σ2) serving as a PDF for its true
value. (5) Normalization. Perform genome-wide PGM on the entire set of segments to merge
contiguous as well as unconnected segment pairs. Identify the largest resultant cluster as the
baseline and denote its mean by µ̃. The baseline will be taken as the reference for computing
the aberrance of a segment.

As PGM involves very little computation, LM is inherently a fast algorithm. On
the other hand, owing to the iterative procedure, the problem size is O(N2), implying
long computation time when N is large. In PM, we exploit the tendency of the scale-
independence of σ̃ (Fig. 1) to reduce the problem size to O(N) with little sacrifice in
accuracy. In that case, a sampling size Ns is selected (by the user) and the various steps
in LM are adjusted as follows. In (1) and (5) σ̃ and µ̃ are computed using only the first
Ns markers and the widest Ns segments, respectively. This reduces problem size from
O(N2) and O(N2

seg), where Nseg is the number of resultant segments, to O(N2
s ). In (3)

and (4), prior to merging the entire current cluster set is partitioned to subsets of Ns

contiguous clusters, plus a remainder. The subsets are processed in parallel and the most
unresolvable pair in each subset, if there is any, is merged. Thereafter the subsets of
clusters (some of which have been reduced in size through merging) are joined with the
remainder circularly, with the beginning of the remainder taken as the starting point,
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and readied for a new round of partition and merging. This is a dynamical procedure
resulting in a different partition in each iteration. The problem size for each of the N/Ns

subsets is O(N2
s ), making the total problem size O(NNs).

Reliability of a breakpoint
A breakpoint is where two adjacent resolvable segments meet. The t-value, or resolv-
ability, for the two segments (Eq. (3)) provides the test statistic for the breakpoint and
quantifies the statistical significance of the null hypothesis (Hb) that the two segments
have the same mean.

Aberrance of a segment
After clustering, each segment has a µ, the mean of its associated Gaussian. The statis-
tical significance relative to the null hypothesis (Hs) that the segment is not aberrant is
given by the aberrance, or the z-value:

z ≡ (µ̃− µ) /σ. (5)

SAD users can rank the segments by aberrance to prioritize further examination.

Selection of threshold resolvability

Setting a value for t0 is equivalent to setting a statistical level for testing Hb and Hs.
Concerning Hb this is because t0 is the lower bound for the t-value for a pair of adjacent
segments. Concerning Hs this is seen by considering an aberrant segment of width w and
mean µ wedged between two much wider disomic neighbors (with means at baseline) of
widths wk�w, and t-values tk relative to the aberrant segment, k=1 and 2, respectively.
We have for either k

t0 ≤ |tk| ≡
|µ̃− µ|
σ̃

(
1

w
+

1

wk

)−1/2

≈ |µ̃− µ|
σ̃

√
w = |µ̃− µ| /σ = |z|. (6)

That is, for small aberrant segments with large disomic neighbors, t0 is an approximate
lower bound of aberrance. Because |µ̃− µ|/σ̃ is just the SNR of the array data, Eq. (6)
is equivalent to √

w & t0/SNR. (7)

That is, t0/SNR sets an approximate lower bound for the width of aberrant segments.
A smaller t0 facilitates detection of finer structures in the data, but tends to yield more
false positives.

The LJKP tests
In [10] (hereafter referred to as LJKP) the performances of eleven CNV algorithms
– three smoothing-only (SO) algorithms, lowess and wavelet [11], and quantreg [12],
and eight estimation-performing (EP) algorithms, GLAD, CBS, CGHseg, ChARM [13],
ACE [14], HMM [15], GA [16], and CLAC [17] – were compared using simulated data for
testing receiver operating characteristic (ROC) as well as real Glioblastoma Multiforme
(GBM) data. Although the SO algorithms appear to work well, their non-clustering
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output is difficult to interpret and here we do not consider them further. Among all
tested algorithms only CALC and ACE provide quantitative statistics. LJKP found
that the overall top three EP performers were CGHseg, CBS and GLAD. We duplicated
the ROC tests in LJKP to test SAD against the eight EP algorithms and made detailed
comparisons of SAD with CGHseg, CBS and GLAD in terms of accuracy, speed and
memory, using relevant software packages with default parameter values. In addition we
validated SAD on low- and high-resolution datasets.

Accuracy test
We calculated (details in Supplemental Information, SI ) the ROC curves of SAD the
same way as in LJKP except that for better statistics we generated 10,000 instead of 100
simulated chromosomes (of 100 markers each) for each parameter set in each setting.
The results (Figure S1, SI ) indicate that a higher t0 is more suitable for easy settings
(wide aberration and large SNR) while a lower t0 better facilitates aberration detection
in difficult settings (narrow aberration or small SNR). How to select t0 is discussed in
Methods. Fig. 3 focuses on the important part of the comparison and shows SAD(t0,100)
(see Methods for notation), t0 =1.5, 2, and 2.5, side-by-side with the eight EPs (as given
in LJKP) for two difficult settings, (SNR,Width)=(2,5) and (1,10). In easy settings
SAD(2.5-4,100) matches CGHseg – best among the EP algorithms – while in difficult
settings SAD(1.5-2.5,100) outperforms it. SAD performs significantly better than the
other seven EPs.

In PM, higher computation speed is facilitated by using a smaller Ns. Because PM
alters the clustering order relative to that in LM, this can induce error when Ns is too
small. We tested SAD in this regard and find that σ̃ is insensitive to Ns (Methods) and
overall error is negligible when Ns&100 (Figure S2, SI ) .

Speed and memory test
We compared SAD(10,100) to CGHseg, CBS and GLAD in speed and memory using
simulated data (Methods). Results for computation time τ , overall memory requirement
κo, and data-processing memory requirement, κp, versus system size N , as well as power-
law exponents γτ (from τ vs. N) and γκ (from κp vs. N) are shown in Fig. 4. We see that:
(i) SAD is vastly faster than the others; at N≈106 it is already two orders of magnitude
faster than CBS, its closest competitor. (ii) In computation time SAD is O(N) while
GLAD and CGHseg are O(N2). CBS, claimed to be O(N) at low resolution [18],
becomes O(N2) at N≈5×105. (iii) Speed dependence on genomic profile is significant
for CBS, minor for GLAD and CGHseg, and negligible for SAD. (iv) SAD requires the
least amount of memory, overall (κo) as well as for data-processing (κp). (v) In memory
requirement SAD and GLAD scale as O(N), CBS displays irregularity, and CGHseg
scales as O(N2). Incidentally, on a computer with 2 GBs of memory, CGHseg ceases to
function when N exceeds about 16,000.

Using real data, we ran SAD(10,100) on a 1.8 million-marker Affymetrix Genome-
Wide Human SNP Array 6.0 hybridized with a colorectal cancer sample, and measured
τ =8 seconds and κo=323 MBs.
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Validation on a low-resolution dataset
We used a 2276-BAC public dataset from the NIGMS Human Genetics Cell Repository
[19] to perform low-resolution validation of SAD, to make side-by-side comparisons with
GLAD [4] and CBS [5], and to demonstrate the selection and utility of t0. The dataset
corresponds to 15 human cell strains. As identified by spectral karyotyping, each cell
strain has either one or two alterations and eight of the aberrations on six strains were
detected to be whole-chromosome. We set a value of t0 using Eq. (7). For trisomic
segments of the dataset, we had SNR≈0.6/0.08, where 0.6 is approximately the log2-
ratio of a trisomic segment and 0.08 is the value for σ̃ obtained from Eq. (4). In
order to identify a trisomic aberration that is at least two markers wide (by design SAD
identifies single-marker aberrations as outliers), t0<10.5 is required. We therefore used
SAD(10,100) for this calculation.

We summarize the comparison results as follows (see Table S1, SI, for full details).
(1) SAD(10,100) gives far fewer false-positives; the average numbers of false positive
breakpoints per cell strain are 4/15, 46/15, 26/15, 37/9 and 16/9 for SAD(10,100),
GLAD(λ′=8), GLAD(λ′=10), CBS(α=0.01) and CBS(α=0.001), respectively. (2) SAD
alone assigns a z-value (see Methods) to each aberrant segment, including whole-
chromosome ones. That is, SAD recognizes and evaluates whole-chromosome aberra-
tions, for whose prediction neither GLAD nor CBS provide quantitative statistics. In
fact, because their algorithms are based on breakpoint detection within chromosomes,
GLAD and CBS are silent on whole-chromosome aberrations.

Validation on a high-resolution dataset
For high-resolution validation tests on SAD and to demonstrate the dependence of seg-
mentation on the value of t0, we used the 500K copy number sample datasets provided
by Affymetrix (http://www.affymetrix.com). These consist of nine tumor/normal pairs
derived from human cancer cell lines and an X Chromosome titration set (3X, 4X, and
5X). Details of Chromosome 8 from the results for the 262,217-SNP NSP dataset from
the (CRL-5868D, CRL-5957D) pair are shown in Fig. 5. Segmentation from three runs,
SAD(50,100), SAD(30,100), and SAD(10,100) are given. As designed, segmentation
resolution is seen to increase with decreasing t0. Specifically, SAD(50,100)yields two
segments with z-values of -6.3 and -306.3, SAD(30,100) yields four new and narrower
segments (labeled 1 to 4) with z-values of -57.3, -49.8, -55.5, and -46.8, and SAD(10,100)
yields three more even narrower segments (labeled 5 to 7) with z-values of 14.7, -45.6, and
-34.9, respectively. Among these, segment 5 is the narrowest of all identified structures
and comprises only two markers.

Discussion

That SAD has a very simple structure and is extremely user friendly yet much more
powerful than existing algorithms for CNV analysis of microarrays is a direct result of
the robust foundation on which PGM is based: an exact mathematical relation and
the utilization of the fact that microarray data have normally distributed error. An
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important attribute of PGM is that it allows quantitative statistics to be easily derived in
its application. Thus, SAD can track, free of any ad hoc procedure, data-originated error
throughout its entire clustering process. Compared with existing algorithms, most of
which do not provide quantitative statistics, SAD gives a t-value for assessing breakpoint
reliability and a z-value for appraising segment aberrance. Again, owing to PGM’s
mathematical nature, SAD is extremely fast; it has a parallel processing mode that
upgrades computation time from O(N2) to O(N) with little loss of accuracy. For current
arrays with probes numbering in the millions, the parallel mode implies a speeding up of
many orders of magnitude. Since normally distributed error is a trait common to many
data systems, we expect wide application of PGM, and a straightforward derivability of
quantitative statistics in each application.

Finally, we give resolutions to issues associated with current segmentation-
aggregation procedures raised at the beginning of the article: (a) In SAD all quantitative
statistics derive from array error and are automatically site dependent; no ad hoc scoring
is ever needed. (b) Normal distribution of array error eliminates the need for simulation
of error by location permutation. (c) Because PGM tracks error through computations,
all quantitative statistics are consistent. In particular, Eq. (6), a z-to-p conversion of
t0, provides the probability threshold needed for aggregation.

Methods

Speed and memory tests
All calculations reported here were carried out with an executable computer program written
in Visual C++ that runs on a computer with Intel Core 2 Duo T7500 2.2G (L2:4M) CPU,
2GBs of DDRII memory, and uses Windows XP as operating system. The program runs as
a single thread and uses 50% of the CPU. The simulated chromosomes were generated with
SNR=2. Each simulated chromosome had either one or two amplifications. For planting the
amplifications each chromosome was divided into five same-width sections. The second section
was amplified in one-amplification cases, and the second and the forth sections were amplified
in two-amplification cases. Computation time τ was measured for each case; the difference in
τ between one and two amplifications reflects the dependence of speed on genomic profiles.
Memory test was read from the processes tab of Windows Task Manager and involves two
steps: data loading and data processing. The reading between the two steps, denoted by κd,
is memory used for program and data. The maximum reading during data processing was
recorded as κo and the difference κp=κo−κd was taken to be the maximum memory needed
for data processing.

Acknowledgements
This work is partly supported by Grant No. 97-2112-M-008-013 from the National Science
Council (ROC) and the Cathy General Hospital-NCU Collaboration Grant 97-CGH-NCU-A1.

Availability of software

8



A SAD software package is available upon request at pairwise.gaussian.merging@gmail.com.
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Figure 1: Normal distribution of microarray errors and scale-independence of σ̃. Data are from an
Affymetrix 500K copy number sample data set. (a) A 50K-marker segment of log2-ratio profile of chromo-
some 2 from the (CRL-5868D,CRL-5957D) STY pair. (b) Comparison of log 2-ratio distributions of sections
1 and 2 with two Gaussians (G(y; 0.36, (0.22)2) and G(y;−0.12, (0.22)2)) with identical σ̃=0.22. The sig-
nal to noise ratio is (0.36-(-0.12))/0.22=2.2. (c) Average and standard deviation of σ̃ (standard computed
from n-marker subsets from the two sections (black and gray squares) and an artificial 8000-marker section
generated with Gaussian noise (hollow square).
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Figure 2: Schematic illustration of PGM applied to genome segmentation. Frames on the left display
the log2-ratios of markers (data) and clusters (prediction at various stages) and those on the right display
associated Gaussians. (a) Each piece of raw data is treated as a Gaussian with variance σ̃. (b) Data “o” and
“p”, the nearest neighboring pair, are merged in the first iteration. (c) and (d) Second and third iterations,
respectively. (e) Merging stops after eight iterations when the remaining pair of clusters have |t| ≥ t0.
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Figure 3: ROC curves of SAD(1.5,100), SAD(2.0,100) and SAD(2.5,100) compared with the eight EPs
in LJKP [10] in two difficult settings (SNR,Width) = (2,5) and (1,10).
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Figure 4: Comparisons of SAD to CGHseg, CBS and GLAD in speed and memory requirement. (a)
Computation time τ versus N . (b) Power-law exponent γτ for τ derived from (a). (c) Overall memory κo
versus N . (d) Data-processing memory κp versus N . (e) Power-law exponents γκ for κp derived from (d).

13



Figure 5: A high-resolution validation test for SAD. Data are in gray and SAD predictions are in black.
The three frames are for the three runs: (a) SAD(50,100); (b) SAD(30,100); and (c) SAD(10,100). Details,
with z-values, of structures at the numbered sites are magnified in insets. The two z-values in (a) refer to
the segments in the two-step structure.
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