
Universal Lengths in Microbial Genomes and Implication for
Early Genome Growth
Chang-Heng Chang1, Li-Ching Hsieh1, Liaofu Luo3 and Hoong-Chien Lee1,2,4,5∗

1Department of Physics and 2Department of Life Sciences, National Central University, Chungli, Taiwan 320;
3Physics Department, Inner Mongolia University, Hohot, China; 4Center for Complex Systems, National Central
University, Chungli, Taiwan 320; 5National Center for Theoretical Sciences, Shinchu, Taiwan.

We report the discovery of a set of universal lengths that characterize all microbial complete genomes.
The Shannon information [Shannon 1948] of 108 complete microbial genomes relative to those of their
respective randomized counterparts are computed and the results are summarized in a two-parameter
exponential relation: Lr(k) = (42± 21)× 2.64k, 2 ≥ k ≥ 10, where Lr is a ”root-sequence length”
in nucleotides (nt) and k is the length of the oligonucleotides with which the genome is analyzed.
The method of the analysis does not attend to k ≥ 11 owing to the finite lengths - 0.4 to 7 Mb -
of the microbial genomes. The relation means that for a given k the Shannon information of any
microbial complete genome, irrespective of its length, is the same as that of a random sequence of
length Lr(k) having the same base composition of the genome. We show that artificial sequences
generated by maximally stochastic short segmental duplications from random root-sequences of about
200 nt long have Shannon information and root-sequence lengths very similar to those of microbial
genomes. This implies that the ancestors of microbial genomes mainly grew by segmental duplication
shortly after they acquired a length of around 200 nt. The inference is that the ancestral genomes
lived in an RNA world and replicated and duplicated with small ribozymes or their precursors.

It has long been noted that genomes have significantly,
even extremely, overrepresented oligonucleotides (oros).∗

A well-studied feature described as “the sheer dominance
of a few members over the overall population” is the
approximate power-law relation, N = aF b, obeyed by
oligonucleotides six to ten nt long in essentially all
gemones, where F is the occurrence frequency, N is the
number of oligonucleotides and a and b are constants
[Li 1992, Mantegna et al. 1994, Luscombe et al. 2002].
Just as there are oros, there are also underrepresented
oligonucleotides (uros). Broadly speaking the terms
uro and uro may be used in two senses. In the more
common usage they are used with respect to the actual
distribution of the occurrence frequency in a genome,
and by definition such oros and uros will form a rela-
tively small set. Many such uros [Karlin et al. 1992]
and oros [Karlin et al. 1992, Karlin and Burge 1995,
Smith et al. 1995, Colbert et al. 1998] are known to
have biological functions and methods for finding
control or signal sequences in the genome based on
extreme representation in this sense have been devised
[van Helden et al. 1998, Bussemaker et al. 2000]. In a
less common usage of the terms, extreme representation
in a genome is an attribute of an occurrence frequency
relative to the distribution of the occurrence frequency
in a random sequence having the same length and base
composition as the genome.

This second, less common usage is adopted in this
paper. As soon as extreme representation is considered
from this point of view, one is quickly confronted with
the fact that very large numbers of oros and uros is a
common feature of all complete microbial and eukaryotic
genomes. Consider for instance the occurrence frequencies
of hexanucleotides, or 6-mers, in an arbitrary one million
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nucleotide (M nt) stretch of (a single strand of) the genome
of E. coli. The mean frequency is 244. If the genome were
a random sequence then the standard deviation (std) of
the frequency distribution would be 15.6 and the chances
that any 6-mer would occur more than 400 times or less
than 100 times would be practically zero. In reality, the
std of the frequencies for E. coli is 140, about nine times
greater than that for a random sequence, and about 500
6-mers do occur more than 400 times and about 510 6-
mers do occur less than 100 times. This pattern is neither
particular to 6-mers nor to E. coli. In fact wide spectral
width in the distribution of occurrence frequency for word
lengths of at least up to 9 letters is a universal feature of
known genomes.

Very few of the oros and uros in E. coli are known to
have biological function and we shall assume most do not.
If this is the case then we may ask what is the root cause of
the existence of so many oros and uros or, alternatively, the
root cause for the distribution of occurrence frequencies of
genomic sequences having spectral widths so much greater
than those of random sequences. If (most) of the oros and
uros do not have biological function then whatever the
cause may be, it would not be something that acts on
individual oligonucleotides.

The purpose of this paper is the following: (i) to evince
the phenomenon that wide spectral width in the distribu-
tion of occurrence frequency for short oligonucleotides is
indeed a universal feature of complete bacterial genomes;
(ii) to explore the nature of the universality of the phe-
nomenon; (iii) to demonstrate that a very simple biologi-
cal motivated model for the growth of genomes generates
sequences that exhibits the phenomenon.

In this paper we report on our study of frequency dis-
tributions of k-mers, called k-distributions, for k = 2 to 10,
of all microbial complete genomes. Extention of the study
to cover all eukaryotic complete genome is under way. This
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study does not go beyond k = 10 because the cannonical
length of microbial genomes in nt, 106, is about the same
as the number of distinct 10-mers (410), so that spectral
widths of k-distributions for k > 10 are essentially just the
genome length itself and no longer supply the information
we seek in this work (we are not saying that the statistics
of longer oligonucleotides do not contain possibly interest-
ing information). In our discussion it will be assumed that
4k is not greater than the genome length.

A primary driving force of this study is our view that
a wide spectral width in the distribution of occurrence fre-
quency of oligonucleotides in a genome is a signature that
the genome carries large amounts of information. In this
context the ratio of the std to the mean of a distribution,
hereafter called the relative spectral width and denoted
by σ, will be used throughout our discussion. The connec-
tion between a large value for the relative spectral width
and large information capacilty may be first understood
in the obverse: a genome with all oligonucleotides evenly
represented, in which case σ = 0, can carry very little or
practically no information. The connection is formalized
in a not so well-known relation: an appropriately defined
Shannon information [Shannon 1948] of a bell-shaped dis-
tribution is proportional to σ2 of the distribution when
σ << 1, with a proportional coefficient that is close to 0.5
(see Methods).

We take as benchmark for relative spectral width of a
k-distribution from a genome to be that of the correspond-
ing k-distribution from a reference random sequence hav-
ing the same length and base composition as the genome.
This choice is made because a random sequence is in prac-
tise the customary standard of reference for giving an “ex-
pected” value of an occurrence frequency, because there is
in fact a high degree of randomness in genomic sequences
and because there is a simple expression for the expected
value of σ for a random sequence. We define relative spec-
tral information Mσ of a k-distribution to be the ratio
of the square of σ for the distribution from a genome to
that expected from a reference random sequence, and sim-
ilarly define relative Shannon informationMR (see Meth-
ods). These quantities turn out to be very useful, for
through their usage an unexpected universality of micro-
bial genomes is revealed.

Some simple properties of random sequences and “ m-
replicas”, concatinates of m replicates of the sequences are
useful for gaining insight in the meaning of the results to
be presented. Suppose Q is a random sequence of length L
and Sk is its k-distribution. For simplicity let 1 << 4k ≡
τ << L. Then Sk is a Poisson distribution with mean
frequency f̄ = L/τ , std f̄1/2 and relative spectral width

σ = f̄−1/2. Consider now two ways of increasing m times
the length of Q. One way is replicating Q m times to get
an m-replica of Q. Then the frequency of every k-mer in
the m-replica will be m times that in Sk, so that for the
m-replica the mean frequency and std will both grow by
a factor of m but the relative spectral width will remain
unchanged. The other way is to let Q grow into a random
sequence of length mL. Then for the new random sequence
the mean frequency will grow by a factor of m but std will
only grow by a factor of m1/2 so that the relative spectral
width will decrease by a factor of m−1/2. The difference
between the m-replica and the (long) random sequence
is revealed in their respective values for the the relative
spectral information and relative Shannon information (of

their k-distributions); form-replica both will bem whereas
for the random sequence they will be unity. Thus MR

(and MR) may be understood as an effective replication
number. Note that by definition MR is not supposed to
be dependent on k for a random sequence or its replica,
otherwise this k-indepedence is not expected.

The m-replica has larger values for Mσ and MR be-
cause it has a “root-sequence” that is a random sequence
whose length is 1/m of its own length. We are there-
fore motivated to have the following: if the value for the
relative Shannon information of the k-distribution of a se-
quence (not necessarily a replica of a random sequence)
of length L is MR(k), then for k-mers the root-sequence
length Lr of the sequence is defined as as L/MR(k). There
would have been little practical difference if MR were re-
placed by Mσ in this definition.

Our results for the 108 microbial complete genomes
are briefly summarized as follows. We find that the rela-
tive Shannon information of a genome is proportional to
the genome length and independent of base composition.
Furthermore, the proportionality constant is the same (to
within 50%) for all microbial genomes and grows exponen-
tially with decreasing k. These results are compactly ex-
pressed by the relation Lr(k) ≈ 42×2.6k nt where Lr(k) is
the k-mer universal root-sequence length of the genomes.
The root-sequence length is of the order of the genome
length for k = 10 and decrease rapidly with decreasing k;
Lr(2) is only about 300 b. This implies that as far as 2-
mers are concerned a 2 M nt microbial genome looks like
a 6600-replica of a 300 nt random sequence. However the
genomes cannot be simple replicas because Lr has a strong
k-dependence.

The universality (i.e., same for all genomes) and the
strong k-dependence of the root-sequence lengths suggests
a universal but non-trivial mechanism for genome growth
that involves much duplication, with a universal initial
condition. We show that artificial sequences generated
by quasireplication, that is maximally stochastic duplica-
tions of short segments (about 20 nt), from random root-
sequences of about 200 nt long to the full length of mi-
crobial genomes indeed have k-distributions and Shannon
information similar to those seen in the real genomes.

RESULTS

Relative Shannon Information for Random Se-
quences and Microbial Genomes
Fig. 1 shows log-log plots of relative spectral informa-
tion (Mσ) and relative Shannon information (MR) of
k-distributions, k = 2 to 10, versus sequence length L
computed for a “genome” set of the 108 complete micro-
bial genomes ([GenBank 2003] as of April 1, 2003) and
four control sets of sequences the 108 members in each
of which have lengths and base compositions matching
those in the genome set: a “random” set of random se-
quences and three “replica” sets of m-replicas of random
root-sequences, m = 10, 100 and 1000. An m-replica is a
sequence obtained by replicating a root-sequence m times.
That is, if a 100-replica is 1 M nt long than it is the con-
catenation of 100 copies of a root-sequence 10 k nt long.
We may think of a random sequence as the 1-replica of it
self. The genomes in the genome set are heterogeneous in
length (0.4 to 7 M nt) - and base composition 28 to 78%
A+T) and sequences in the control sets are made to match
the genome set in sequence lenth and base composition.
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Figure 1: Relative Shannon information MR for: (A) the
random set; (B) the set of 100-replicas. For the replica set, if
4k . L/100, thenMR ≈ 50 is expected. Otherwise it is expected
to be less; the three lines give the theoretical lowerbound for k = 8,
9 and 10.

The random and replica sets are used to test our for-
mulation and the accuracy of the computation. The val-
ues for Mσ and MR (of a k-distribution) for a random
sequence are expected to 1 and a constant C approxi-
mately equal to 0.5, respectively, independent of k, se-
quence length and base composition. For an m-replica of
length L,Mσ is expected to be m andMR is expected to
bemC for those k’s satisfying 4k . L/m. When 4k > L/m
MR has a lowerbound MR ≈ (L/4k) log(4km/L) (see
Methods).

In Fig. 1 each plot has 972 pieces of data and we see
that the expectations described above are broadly met.
In panels (A) and (B) about 50% of the error come from
data for k=2 (“2” in the figure) and 25% from k=3 (“4”
in the figure). This arises from the way Mσ and MR

are defined; both involve a theorectical expression as de-
nominator whose value is very small when k = 2 and 3, so
that fluations in the computed value for the numerator are
magnified yielding the large errors observed (see Methods).
From panel (B) the value 0.514±0.062 is extracted for the
constant C. In panels (C), (D) and (E) the lines give the
lowerbounds for the higher values of k. These results for
the control sets assure us that we understand the relative
Shannon information for random sequence and their repli-
cas and may be summarized as follows: if the value ofMR

of a sequence of length L is mC for k’s satisfying 4k . L/m
and is less than mC for k’s that are greater, then the se-
quence is likely an m-replica of a random root-sequnece of
length L/m.

The normalized relative Shannon informationMR/C2

for the genome set is shown in Fig. 2, where each piece
of datum was multiplied by a factor of 210−k to parti-
tion data into different k groups for better viewing. In
MR/C2 is plotted against L; in (B) MR/C2/L is plotted
against the combined A+T probablity (pAT ) in the se-
quence. The data display properties that are entirely dif-
ferent from those of the control sets: (i) They have a strong
k-dependence. (ii) For given k the mixed pAT data form a
band (std is about 50% of mean) that depends linearly on

Figure 2: Relative Shannon information MR, multiplied by
the factor 210−k/C, for the genome set.

L. (iii) For given L, the mean MR has a exponential de-
pendence on k, 〈MR/C2〉 ∝ 2.64−k. (iv)MR/C2/L has a
weak dependence on pAT that is approximately symmetric
with respect to the point pAT = 0.5.

Figure 3: Lr versus k extracted from the relative Shannon
information Mσ from the genome set and (•) and a set of model
sequences (4) whose lengths and base compositions match those
of the genome set.

Universal Root-Sequences Length of Genomes
The results in Fig. 2 shows that, especailly for the smaller
k’s, m ≡MR/C2 is a very large number. In such cases, as
far as k-distributions are concerned, a genome of length L
is like the m-replica of a random root-sequence of length
Lr = L/m. But because MR is (approximately) linear in
L, Lr is independent of L. This, together with the fact
that MR has only a weak dependence on base composi-
tion, implies that for each k Lr is, within a factor of two,
a universal root-sequence length, i.e., the same for all mi-
crobial genomes. Property (iii) above implies that these
universal lengths (squares in Fig. 3) satisfy the exponential
relation (straight line is Fig. 3)

Lr(k) = Λ× tk; 2 ≤ k ≤ 10 (1)

where Λ = 42 ± 21 nt and t = 2.64 ± 0.20. For a spe-
cific genome of length L, the maximum value for k for

3



which the above equation holds is approximately given by
4kmax . L. Eq. (1) reduces the 972 pieces of data of
the relative Shannon informtation of microbial genomics
to two constants Λ and t and their errors. This strong
dependence of Lr on k means that statistically, relative to
random sequences (Fig. 1), the genome has a high sensi-
tivity to the length scale with which it is examined; for
2-mers a 2 M nt genome is like a 6600-replica of a 300 nt
random sequence, while for 10-mers it acts like a 3-replica
of a 650 k nt random sequence. Eq. (1) is different from
Zipf’s law [Zipf 1949] and its variations that have been ob-
served for k-mer frequencies (k ≥6) in biological sequences
[Mantegna et al. 1994, Luscombe et al. 2002].

DISCUSSION

Results from Model Sequences
The universality of the Lr’s to suggests the existence of
a universal mechanism for genome growth from proto-
genomes of a universal initial length. The small size
of Lr for the smaller k’s implies a mechanism that in-
volves a great deal of replication. However, simple
whole-genome replication as discussed in [Ohno 1970,
Skrabanek and Wolfe 1998, Hughes et al. 2001] at the
early stages is ruled out because such a mode of growth
yields, contrary to data, non-existent or too-weak k-
dependence of MR (panels (B-D), Fig. (1). The observed
strong k-dependence of Lr suggests a more complex dupli-
cation process.

We are motivated by the genomic data to consider a
simple and biologically plausible growth model, through
which “universal genomes” are generated in silico by a
process we call quasireplication - growth by maximally
stochastic short segmental duplication - from an short ini-
tial random sequence (see Methods). A set of model se-
quences with final lengths and base compositions matching
those in the genome set were generated using an average
length of l̄ = 20 ± 12 (nt) for the duplicated segments
and L0 = 200 (nt) for the initial sequence. The relative
Shannon information and root-sequence lengths (traingles
in Fig. 3) computed for the set are shown in Fig. 4 and
Fig. 3 (traingles), respectively. The agreement bewteen
these and the genomic data is quite good. The model is
senstitive to its parameters l̄ and L0. A very short initial
genome is crucial for obtaining good results and is de-
manded by the shortness of Lr(2) - about 300 b; L0 much
greater than 200 cannot generate sequences whose Lr has
small enough values for the smaller k’s and has a strong
enough k-dependence to match genomic data. Fig. 3 shows
two sets of Lr’s given by two less good 2 M nt model se-
quences, one generated using L0 = 200 and l̄ = 25 ± 12
and the other using L0 = 500 and l̄ = 20± 12.

Frequency of Longer Words
We have not dealt with k-mers with k greater than 10.
This is because the number of 10-mers, about 1 million, is
just about the cannoical size of microbial genomes. Distri-
bution of longer k-mers in microbial genomes will be sparse
and the study of such cases calls for a strategy different
form the one used here. Such studies are being conducted.

Microbial Genomes are Quasireplicas
Our study shows that at least for up to 10-mers micro-
bial genomes are statistically what we call quasireplicas.
Like replicas of very high replication number (up to several

Figure 4: Relative Shannon information MR, multiplied by
the factor 210−k/C, for the quasireplica set.

thousand), these quasireplicas have very large MR values
for the shorter k-mers. Unlike m-replicas, the MR values
of these quasireplicas have a strong k dependence. Charac-
teristically, quasireplicas are globally aperiodic, partially
ordered, highly complex and evidently can carry large
amounts of information. Recall that for a quasireplica of
length L, kmax ≈ lnL/ ln 4 is the maximum k for which
Eq. (1) applies. For k ≤ kmax a quasireplica acts as an
m-replica, where m is approximately equal to the length
of the sequence divded by Lr(k), while for k >> kmax
it appears essentially as a random sequence (this is not
to say that microbial genomes are random sequences for
long k-mers). Quasireplica are robust structures that may
be classified according to the two parameters Λ and t
in Eq. (1). We have verified that, provided the typi-
cal duplicated segment length is significantly greater than
kmax, quasireplication (including simple replication) of a
quasireplica begets a longer quasireplica of the same class.
We are currently analyzing eukaryotic genomes in the con-
text of quasireplication.

A New Major Transition
We infer from rsults of this study the following conjecture
for the early evolution of microbial genomes. A popula-
tion of primative genomes, shortly after its members had
reached a length of about 200 b and had acquired a rudi-
mentary duplication machinery, discovered and adopted
quasireplication as a strategy for growth so that their pro-
genies, at least the microbial genomes, are self-organized
quasireplicas (belonging to the class given by Eq. (1)).
If this description is substantially true then the onset to
quasireplication must be another, hitherto unknown, ma-
jor transition in evolution [Maynard Smith et al. 1997].
Prior to that transition the ancestral genomes evolved
by unknown means and after the transition the genomes
evolved via quasireplication.

RNA World
Although we cannot infer from the present study how
primitive genomes got to the stage just before the transi-
tion, we do have two important inferences: (i) The primi-
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tive genomes were short, about 200 nt long, possibly even
shorter. This is less than a quarter of the size of a present-
day gene coding for a typical enzyme and implies that the
transition must have taken place in an “RNA world” de-
void of proteins [Gilbert 1986, Joyce 2002]. Although the
spontaneous synthesis of life requires a number of precon-
ditions to be met [Szostak et al. 2001], a crucial one has
been. Large - up to about 100 nt, highly active and com-
plex RNA ligases have been isolated from a very limited
pool of random RNA sequences [Ekland et al. 1995]. The
200 b length of the primitive genomes seems to be of an
optimum size for the product of such a synthesis. (ii) The
population of primitive genomes already had a spread in
base composition similar to what is represented in present
day microbial genomes. In a related issue, our model ex-
plains why the composition of a genome is essentially uni-
form over its entire length on scales of, say, greater than 10
k nt. The ribozymes that made up the duplication machin-
ery at the time of transition probably were not much bigger
than the smallest ribozymes now extant, about 31 to 50
nt [Forster and Symons 1987]. If this was the case, then
the average duplicated segment length of about 20 nt was
likely long enough to copy coded information which, pre-
sumably, could later be locally varied under the combined
forces of mutation and natural selection for adaptation to
new purposes. The short segment length is also consistent
with the belief that the primitive small ribozymes were
unlikely capable of faithfully duplicating much longer seg-
ment.

Rise of Proteins
It is not necessary that microbial genomes did grow to
their full current lengths exclusively by short segment
quasireplication. It is sufficient that they grew this way
to become a quasireplica of a minimum length that
belonged to the class defined by Eq. (1) (this length is
about 250 k nt if k = 10 is excluded). This period of
quasireplication, if it did occur, must have happened in
the relatively short period between about 4.2 billion and
3.6 billion years ago, when the earth cooled down and
protein must have appeared, respectively. After that the
genomes could have continued to grow via quasirepli-
cation but, with the presence of proteins and enzymes,
likely by duplicating much longer, including gene-
length, segments [Yanai et al. 2000, Qian et al. 2001].
While the robustness of quasireplicas guarantees that
such long-segment quasireplication would not take
the genomes out of its original class of quasirepli-
cas, the proliferation of pseudo-, duplicated and
homologous genes in the genomes of larger organisms
[Lynch and Conery 2000, Friedman and Hughes 2001,
Bailey et al. 2002, Meyer 2003, Gu et al. 2003] could
be understood as consequences of growth by such
quasireplication.

METHODS

Complete Microbial Genomes
The 108 complete microbial genomes currently in the Gen-
Bank [GenBank 2003] are heterogeneous in length - 0.4 to
7 M nt - and base composition - 25 to 78% A+T. In most
cases the numbers of A’s and T’s (and of C’s and G’s) in
(one strand of) a genome are very similar. We therefore
characterize the base composition of a genome by a single

Table 1: Shannon entropy and information (Eq. (2)) in
units of log 2 for random sequences and genomes. Genomic
results are averaged over 108 genomes and random results
are averaged over 108 random sequence with lengths and
base compositions matching those in the genome set. Error
in genomic information is less than 50% in all cases and
much smaller for random sequences.

Random sequence Genome average
k Entropy Inform’n Entropy Inform’n

2 3.9999941 5.90 E-6 3.97337 2.66 E-2
3 5.9999628 3.72 E-5 5.93353 6.65 E-2
4 7.9998282 1.72 E-4 7.88182 1.18 E-1
5 9.9992744 7.26 E-4 9.82101 1.79 E-1
6 11.997061 2.94 E-3 11.7525 2.74 E-1
7 13.988176 1.18 E-3 13.6653 3.35 E-1
8 15.952193 4.78 E-2 15.5313 4.69 E-1
9 17.797844 2.02 E-1 17.2668 7.33 E-1

parameter p, the combined probability of A and T, or of
C and G, whichever is greater.

Relative Shannon Information
For the set of occurrence frequencies, or k-distribution,
{fi|L} with

∑τ
i=1 fi=L in a (circular) DNA of length

L, where τ = 4k is the number of types of k-mers, we
define the relative spectral width for the distribution as
σ ≡ ∆/f̄ , where f̄ = L/τ is the mean frequency and
∆ is the standard deviation (std). The Shannon uncer-
tainty, often called the Shannon entropy, for the set {fi|L}
is H = −

∑
i pi log pi where pi = fi/L [Shannon 1948].

In the case of highest uncertainty, the maximum possible
number of event types have nonzero and equal frequency
and H has maximum value log τ or logL, whichever is
less. In the opposite case of lowest uncertainty or highest
certainty, which is of no interest to the present discussion,
only a single type of event occurs and H has minimum
value zero. The k-distributions of genomes are of a situ-
ation that is maximally complex: close to the maximum
possible number of event types have nonzero frequencies.
Shannon expressed the information in a system in terms
of decrease in uncertainty, hence for maximally complex
distributions we define the Shannon information as

R ≡ Hmax −H = min(logL, log τ) +
∑

i
pi log pi (2)

For simplicity we consider the case L & τ , that is, k .
logL/ log 4. For a maximally complex distribution Hmax
may be viewed as a large background in the distribution
from which we want to extract the infromation-bearing
small quantity R << Hmax. This situation is illustrated
in Table 1 where it is shown that the Shannon informa-
tion is much greater in genomic sequences than in random
sequences, especially for the smaller k-mers.

For a general unimodal distribution with relative spec-
tral width σ it can be shown that

R = C2σ
2 +O

(
σ3) (3)

where C2 ≈ 0.5; it is exactly 0.5 for Gaussian and square
distributions. This reveals the close relation between
Shannon information and relative spectral width σ. The
relation is applicable even for distributions that are not
unimodal or otherwise appear complicated, so long as it is
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known that they have an underlying multimodal structure
(see below).

We shall measure the R of distribution {fi|L} against
that expected of a random distribution. The square of
the std for the latter is (expected to be) bf̄ so that σ2 =
b/f̄ , where b < 1 is a binomial factor depending on k and
approaches unity when τ is large. We therefore define the
relative Shannon information of {fi|L} to be

MR ≡ 2Rf̄/b ≈ R/Rran (4)

where Rran is the Shannon information of the distribution
from a random sequence and the value 0.5 is used for C2.
The expected resultMR ≈ 1 (hence C2 ≈ 0.5) for random
distributions was borne out in Fig. 1.

Case when Distribution is not Bell-Shaped
In Fig. 5 the 6-distributions (cyan/gray curves) of random
sequences 1M nt long with p equal to 0.5 (A), 0.6 (B) and
0.7 (C), respectively, are shown together with the per 1M
nt 6-distributions (black) of three genomes with matching
p values: E. coli [Blattner et al. 1997] (A), C. muridarum
[Read 2000] (B) and M. jannaschii [Bult et al. 1996] (C).
Only the two distributions in (A) for the p = 0.5 sequences
satisfy the unimodal requirement to make Eq.(4) directly
applicable. In this case the random distribution is in-
deed Poissonian and genomic distribution is much wider,
σE.col./σran∼9 so that, as far as 6-mers are concerned, a 1
M nt stretch of the E. coli genome is statistically like the
81-replica of a 12 k nt random sequence.

When p6=0.5 a k-distribution is a composites of k+1
sub-distributions, one for each of the subsets of k-mers
with m AT’s (called m-sets). This is clearly seen in the dis-
tributions for the random sequences in panels (B) and (C)
of Fig. 5. In this case the sub-distributions are Poisson dis-
tributions whose respective means are f̄m(p)=f̄2kpm(1 −
p)k−m, m=0 to k. For the genomes these sub-distributions
are sufficiently broadened such that no individual peak is
discernable in the summed distribution. We thus general-
ize the definition forMR given in Eq.(4) to be the weighted
average over the relative Shannon information of the m-
sets:

MR ≡ 2
∑k

m=0
L−1

(
2k(k,m)f̄m

)
Rk,mf̄m/b (5)

where (k,m) is a binomial,
∑
m 2k(k,m)f̄m=L. The fac-

tor b would normally be 1−τ−1, but because A and T
(and C and G) are counted together and the number of
each monomer in the sequence is fixed, it is taken to
be b=1−21−k. In practice, to circumvent large fluctua-
tions in Rk,m induced by small uneveness in the A/T (or
C/G) contents - this can occur when f̄m is very large
at k=2 and 3 - each frequency is divided by a factor
(2k/pm(1 − p)k−m)

∏
s p

ms
s , where s runs over the four

bases and
∑
sms=k.

For checking purposes we also define a “relative spec-
tral information” Mσ where Rk,m in Eq. (5) is replaced
by σ2

k,m.

Replicas of Random Sequences
Take a sequence Q′ and replicate it m times to obtain its
m-replica Q. Assume m is much less than the length L
of Q. Then every k-mer appearing in Q′ will appear m
times in Q (we ignore small deviations caused by repli-
cation), and k-mers not appearing in Q′ will also not

Figure 5: Comparison of 6-distributions of genomes (black)
and random sequences (green/gray). (A), (B) and (C) are T.pal,
C. mur. and M. jan., respectively, and random sequences with
p=0.5, 0.6 and 0.7, respectively

appear in Q. Because Q′ is a random sequence, the k-
distribution S ′k = {f ′i |L/m} of Q′ is a random distribution
(provided k . log(mL)/ log 4), whereas the k-distribution
Sk = {fi = mf ′i |L} of Q is an m-multiple of S ′k. Therefore

the relative spectral width of Sk will be m1/2 times that
of S ′k andMR(Sk) ≈ mMR(S ′k) ≈ mC2. The difference is
not caused by Q′ being shorter than Q (the k-distribution
of a random sequence of length L still hasMR ≈ C2), but
is caused by Q being an m-replica of Q′.

Root-Sequence Length
The above is a demonstration that a large value for MR

suggests the presence of replication or duplication. This
motivates the following: If Q is a sequence of length L
and hasMR(Sk)=m, then we define Lr=L/m as the root-
sequence length of Q for k-mers. For as far as k-mers are
concerned, Q (not necessarily an m-replica) has the or-
der and information of the m-replica of a random “root-
sequence” of length Lr. Lr expected to be independent
of k when a sequence is actually the replica of a random
sequence, but generally not so otherwise.

Quasireplication - Growth by Stochastic Short Seg-
mental Duplication
The quasireplicas whose properties were shown in
Fig. 4 were obtained from a two-phase growth model
for generating nucleotide sequences [Hsieh et al. 2003,
Hsieh et al. 2003b]. In the first phase of the model an
initial “genome” (i.e., a nucleotide sequence) is assumed
to have grown by unknown means to a length L0. In prac-
tise we simply take this initial genome to be a random
sequence of length L0 and with a given p. In the second
phase the genome grows by random short segmental dupli-
cations possibly modulated by random single mutations.
The duplication process, or quasireplication, is maximally
stochastic: a segment of length l, chosen according to some
probability density function f(l), is copied from one site
and inserted into another site, both randomly selected.
This model shares some features with models used to ex-
plain the power-law behavior of the occurrence frequency
of genes in genomes [Yanai et al. 2000, Qian et al. 2001],
except that there the units of duplication are genes, not
short oligonucleotides, and those models were not aimed
to describe the early growth of genomes.
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A product of our model, called a quasireplica, of a cer-
tain length and p value is said to be universal in the sense
that it is use to represent any microbial genome having the
same length and p. Two quasireplicas of the same length
and p are not the same sequences, nor would either be the
same as any of the microbial genomes they represent. But
all of them would have similar root-sequence lengths.

For the quasireplicas whose properties were shown in
Fig. 4, an initial length of L0 = 200 b, the Erlang den-
sity function f(l) = 1/(an!)(l/a)ne−l/a, with integer n=2
and the length scale a=6.7 (nt) were used after a coarse-
grained search of parameter space to find optimum values.
The chose parameters imply the average length l̄ of the
duplicated segments is 20 ± 12 nt. An exhaustive, fine-
grained search to find the absolute best set of parameters
for the model was not conducted, nor do we think it neces-
sary. However, the value Lr ≈ 300 for k = 2 sets an upper
limit for L0 and, with L0 < 300, l̄ cannot much exceed 20.

The p value for a quasireplica is chosen at the out-
set. However the subsequent quasireplication may cause p
to drift slightly and make the numbers of complementary
nucleotides unequal. This last effect is dealt with using
the method described in an earlier section for treating the
same effect in real genomes.
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