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Abstract

A few years ago we developed a simple scheme to visual-
ize the string composition of long DNA sequences in terms
of two- and one-dimensional (2D and 1D) histograms.
While the patterns in the 2D histograms have been well un-
derstood, the structure of the 1D histograms has not been
analyzed in details. It turns out that the structure of the
1D histograms of the genomic sequences and their random-
ized counterparts varies significantly depending on the g+c
content of the genomes. In particular, the 1D histograms
of some randomized sequences may show rich structure, a
seemingly anti-intuitive result.

Three approaches are used to explain the phenomenon:
(1) Monte Carlo simulation, (2) exact computation by us-
ing the Goulden-Jackson cluster method, and (3) a Poisson
approximation method. The multi-modal phenomena in K-
histograms are well elucidated by the last approach.

1. Introduction

The availability of an ever growing number of com-
plete genomes of various organisms enables one to ask
many global questions. Perhaps the simplest such ques-
tion is whether there are short nucleotide strings that are
absent in a genome as one could not pose this question
before when dealing with pieces of a genome. Take, for
example, the Escherichia coli complete genome. It is a
circular DNA of 4639221 nucleotides/letters. Now count
the frequency of appearance of all short strings of length
K = 8. Since there are 4

8
= 65536 different types of

such strings, each type of strings would on average appear
4639221=65536 � 71 times if the genome is a random se-
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quence. Actually the distribution is very much biased to-
wards smaller counts (see Fig. 1 below for its 2D histogram
and Figs. 2 and 3 for the 1D histograms) and there are 173
missing strings. On the other hand, there are also many
strings with higher counts with respect to the random se-
quence. In order to clarify the situation for all available
genomes we have developed a simple counting method and
a visualization scheme [12, 11]. While the mathematics be-
hind the patterns seen in the 2D histograms has been under-
stood thoroughly, the 1D histograms show a rich variety of
structures which has been observed only recently, see Fig. 4.
This paper is devoted to the explanation of the structures in
the 1D histograms of real genomic sequences and their ran-
domized counterparts.

We call an oligonucleotide of length K a K-tuple. The
statistical study of K-tuple composition is a natural exten-
sion of g+c content or CpG island analysis and the like. In
order to visualize the K-tuple composition of a long DNA
sequence a total of 4

K counters are needed. We display
these counters as a 2

K by 2
K square matrix on a computer

screen using a crude color code with 16 colors including
black and white. The counters are arranged according to
the location of the corresponding string in the direct prod-
uct of K copies of the 2 by 2 matrix (

g c
a t ). At string length

K = 8 a portrait shows a matrix of 256 � 256 = 65536

counters. These portraits are essentially two-dimensional
histograms of the K-tuple composition of the genomes. We
will simply call them 2D K-histograms.

Shown in the two upper figures of Fig. 1 are the 2D
K-histograms at K = 8 for two bacterial genomes, Es-
cherichia coli and Haemophilus influenzae [4]. In the lower
figures the 2D histograms of the corresponding randomized
sequences are given. The genome sequences were random-
ized by using the shuffleseq program in the EMBOSS pack-
age [3].

In a 2D K-histogram white color designates an avoided
string and bright colors are allocated to small counts. When
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Escherichia coli (K=8) Haemophilus influenzae (K=8)

E. coli randomized (K=8) H. influenzae randomized (K=8)

Figure 1. Two-dimensional histograms of genomic sequences and their randomized counterparts.
Each figure shows the 8-tuple counters allocated according to the direct product of 8 copies of the
2 by 2 matrix given in the text. The numbers under the color code give the approximate counts.

2



the counts exceed, say, 180, the counters are shown in
black. This is a useful “coarse-graining” in order to high-
light the under-represented strings. Some mathematical
problems associated with those fractal-like patterns in 2D
K-histograms may be solved exactly by using combinato-
rial and language theory methods [14, 13, 20].

In the 2D K-histograms of the randomized sequences all
regular patterns disappear. The horizontal contrast in these
figures is a consequence of the difference in g + c versus
a + t content. In Section 2 we will see that in the 1D K-
histograms these phenomena become more prominent. In
Section 3 three models are proposed to explain the obser-
vations. Section 4 is devoted to a study of K-histograms
by computer simulation, namely by using the Monte Carlo
method. A theory for the expectation curve is established
by invoking simple mathematical arguments in Section 5. It
leads to exact computation of the expectation curve in the
simplest model (the eiid model, see Section 3) in Section 6.
In Section 7 an approximation by using Poisson distribu-
tions is developed, and it clearly elucidates the multimodal
phenomenon observed in the K-histograms in Section 8.
An analysis of short-range correlation in genomes by means
of the K-histograms for Markov models of different orders
makes the content of Section 9. The final Section touches
some further problems arising from the exploration of 1D
visualization of genomes. We note in passing that most of
the figures are calculated for K = 8.

2. One-DimensionalK-Histograms

In order to show the distribution of K-tuples as seen
in Fig. 1 one regroups the counting results to construct a
one-dimensional histogram in the following way. Let the
abscissa denotes the counts from a minimal to a maximal
number. For a nucleotide sequence of length L the maxi-
mal possible count is L or L � K + 1 for a circular or a
linear genome. This maximal count may be reached only
for a sequence made of one and the same type of letter, for
example, for an all-a sequence. Usually the actual maxi-
mal count is much smaller and will be determined by the
drawing program. Along the ordinate we put the number of
different K-tuple types whose counts fall in the same range
on the abscissa.

The first example of a K-histogram is given for Es-
cherichia coli. The length of the genome is 4639221 base
pairs. The results for the original genome are depicted in
Fig. 2 (a). Fig. 2 (b) shows the histogram for a shuffled
sequence of the genome.

Two points are worth mentioning. (1) The ranges of
counts for these two histograms are 0–774 and 38–112,
respectively. For convenience of comparison we take the
same range 0–400 in both (a) and (b). (2) Their ranges
along the ordinates are quite different. In Figure 3 we su-
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Figure 2. The 8-histograms of E. coli: (a) for
the original genome, (b) for a shuffled se-
quence of the genome.

perimposed the two histograms one on another. From the
area below and above the randomized distribution one cal-
culates that at least 44:4% of the K-tuples in E. coli are
under-represented and 25:4% are over-represented as com-
pared to a random reference sequence.
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Figure 3. The comparison of Fig. 2 (a) and
Fig. 2 (b).

In Table 1 we list some statistical characteristics ex-
tracted from the calculation that generates Figures 2 (a)
and 2 (b). The entries in Table 1 are standard ones in char-
acterizing a statistical distribution (see, e.g., [6]): min and
max are the minimal and the maximal count of K-tuples.
The case min= 0 means that there are missing, avoided K-
tuples. The first quartile, median and third quartile reflect
the proportion of the K-tuples within the total number 4K .
The range is the difference between max and min. IQR, the
interquartile range, is the difference between the third quar-
tile and the first quartile. It is clear that 50% of K-tuples
occur in an interval of length IQR. The mode is the most
frequently encountered count, and the frequency of mode is
the number of distinct K-tuples at that count.

The second example is a similar analysis for
Haemophilus influenzae. The length of the genome is
1830023. Two 8-histograms are depicted in Figure 5:
(a) is for the original genome, and (b) is for a shuffled

3



K=6 K=7

K=8 K=9

Figure 4. One-dimensional histograms of the randomized genomic sequence of H. influenzae at dif-
ferent string length K. Along the abscissa are the counts of K-tuples and the ordinate gives the
number of string types in each counting range. We did not put numbers on the axes because more
important is the multi-modal structure of the histograms.

4



Escherichia min 1st median 3rd
coli quartile quartile

complete genome 0 32 57 95
shuffled genome 38 65 71 77

max range IQR mode frequency
of mode

774 774 63 32 746
112 74 12 70 2894

Table 1. Statistical characteristics of Fig. 2 (a)
and 2 (b). For meaning of the entries see text.

sequence of the genome. Here the natural ranges of the
two 8-histograms are 0–844 and 0–184, but in Fig. 5 we
take the same range 0–200 for comparison. We note that
Fig. 5 (b) is the same as the K = 8 figure in Fig. 4, which
juxtaposes the histograms for the randomized sequences at
different K from 6 to 9.
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Figure 5. The 8-histograms of H. influenzae: (a)
For the original genome; (b) For its shuffled
sequence.

It is obvious from Fig. 5 (b) and, especially, from Fig. 4
that the histograms of the randomized sequences of H. in-
fluenzae has much richer structure than its original genome
and the randomized genome of E. coli. Moreover, we have
found that although randomization of one and the same
genome produces a different sequence at each realization,
the main features of the K-histograms, however, remain
unchanged. Put in other words, the observed structure is
a robust property of the ensemble of randomized sequences
obtained from the original complete genome by shuffling.

Figure 6, similar to Figure 3, compares Fig. 5 (a) and
Fig. 5 (b).

The statistical characteristics of Fig. 5 are summarized
in Table 2 in the same way as in Table 1.

In order to understand the structure of these 1D K-
histograms we study a few models that generate random
sequences as reference in comparison with genomic se-
quences.

0 20 40 60 80 100 120 140 160 180 200
0

500

1000

1500

2000

2500

Figure 6. The comparison of Fig. 5 (a) and
Fig. 5 (b) by superimposing the two curves.

Haemophilus min 1st median 3rd
influenzae quartile quartile

complete genome 0 8 18 36
shuffled genome 0 13 22 36

max range IQR mode frequency
of mode

844 844 28 8 2188
184 184 23 13 2081

Table 2. Statistical characteristics of Fig. 5 (a)
and 5 (b).

3. Three Sequence Models

In this paper we consider three classes of stochastic
models: (1) equal-probability independently and identi-
cally distributed model (abbreviated as eiid), (2) non-equal-
probability independently and identically distributed model
(abbreviated as niid), and (3) Markov models of order n > 1

(abbreviated as MMn).

It is natural that the shuffled sequences used in obtain-
ing Fig. 2 (b) and Fig. 5 (b) can be considered as generated
from some models of niid, in which the mono-nucleotide
compositions are taken from the corresponding genome se-
quences and kept constant. In the same way we can count
the frequencies of (K + 1)-tuples in a complete genome to
construct a Markov model of order K.

The problem whether the stochastic properties of the en-
semble of niid models and the shuffled ensemble are the
same may be partly elucidated by Monte Carlo simulations.
Since we do not know how to shuffle a sequence while keep-
ing its Markov transition probabilities unchanged, a positive
answer for niid speaks in favor of treating more complex
models such as MMn by inferring the transition matrix from
counting K-tuples in a real genome.
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4. Monte Carlo Method

The Monte Carlo method is quite instructive for under-
standing the robust structure of K-histograms of random
sequences generated by some stochastic models.

An experiment is carried out for an niid model, in which
the compositions of a; c; g; t are 15: 35: 35: 15, the length
of sequences is taken to be 10

6, and K = 8. By running a
Visual C++ program 100 times, we obtained the estimated
values of the expectation (ex) and the standard deviation
(sd) in the range 0–150 shown in Figure 7.
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Figure 7. The estimated expectation (the up-
per curve) and the standard deviation (the
lower curve) for an niid model in the range
0–150: (b) is a zoom-in of (a).

It is clear that either the estimated values of sd are much
smaller than those of ex when ex is large or both of them are
very small. This provides an explanation for the robustness
of the K-histograms.

In Fig. 8 we compare the absolute error of ex in an exper-
iment with the sd obtained for the same range as a reference.
We see that the error never goes beyond the limit of 2� sd.
Let Xn be a random variable for each n in the count range
of the K-histogram, then under some conditions the dis-
tribution of Xn may be asymptotically normal (see related
discussion in [21, Ch.12]).
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Figure 8. The comparison of absolute error of
ex in an experiment with sd as a reference.

Now we are in a position to use Monte Carlo method to
answer the question proposed before, namely, whether the

ensemble obtained by shuffling a given sequence and the
ensemble produced by a stochastic model inferred from the
genomic sequence are the same. For the niid model with the
same parameters mentioned above, we have done firstly the
F test and then the t test for the two ensembles. The results
at a confidence level of 0:95 are shown in Fig. 9
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Figure 9. Results of (a) F test and (b) t test
from Monte Carlo experiments.

It is clear that the results of F test and t test give positive
answers, i.e. to accept the Null hypothesis that the variances
and expectations of both ensembles are equal [6].

Hence it is plausible that robustness of the K-histograms
may be universal for models discussed in this paper.
Furthermore, the ensembles obtained from a sequence-
generating model and from shuffling a give sequence are
stochastically the same (at least for ex and sd).

Consequently, in the remaining part of this paper we will
focus our attention on the study of expectation curve which
will be defined in the next Section.

5. Two Theorems on the Expectation Curve

In order to reveal the laws which govern the K-
histograms, we denote all K-tuples of 4 letters (i.e.
a; c; g; t) by xi, i = 1; 2; : : : ; 4K (sticking to some fixed or-
dering). The notation s = sL is used to denote any sequence
of length L. Since s is randomly generated from a stochas-
tic model, we simply call s a realization of the model.

Now we introduce the following definitions and nota-
tions rigorously.

Definition 1 For each n > 0, the random variableXn is the
number of distinct K-tuples which occur in the realization
s with the same occurence number of n.

Remark. The maximal value of n in general varies for
different L and K. Of course, it is always true that n 6
L�K+1. In many cases we will not indicate the maximal
range of n explicitly.

Definition 2 For n > 0 and i 2 f1; 2; : : : ; 4Kg, the nota-
tion pi;n is used to represent the probability of occurrence
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of the K-tuple xi in a realization s with the exact number
of appearance n.

If we consider n as discrete time, then each realization s can
be thought as a realization of a stochastic process. Hence
a natural way of study is to calculate the expectation and
variance of random variable Xn for each n. In what fol-
lows by an expectation curve of K-histogram we refer to
the curve which is obtained by connecting the point set of
f(n;Xn) j n > 0g. The following two Theorems establish
the formula for computing the expectation curve.

Theorem 1 For each n > 0, the mathematical expectation
of random variable Xn is given by

E(Xn) =

4
KX

i=1

pi;n = p1;n + p2;n + � � �+ p4K;n: (1)

Proof. For fixed n > 0, using Ai;n to denote the event
of occurrence of K-tuple xi in the realization s in exact
number of n. Define the indicator of A i;n by

Ii;n =

(
1; the event Ai;n occurs,

0; otherwise:
(2)

It is obvious that Ii;n is a random variable having a two-
point distribution. From the definition 2 we know that the
expectation of Ii;n is

E(Ii;n) = pi;n:

Again using the definition 1 we have

Xn =

4
KX

i=1

Ii;n = I1;n + I2;n + � � �+ I4K;n;

and the formula (1) follows by taking expectation on both
sides.

We make a further definition as follows.

Definition 3 For i; j 2 f1; 2; : : : ; 4Kg, i 6= j, using the
notation pi;j;n to denote the probability of occurrence of
both the K-tuples xi, xj in a realization s in the same exact
number of n.

Using these definitions we can obtain the following result.

Theorem 2 For n > 0, the variance of random variableXn

is
D(Xn) = E(X2

n)�E(Xn)
2;

where the first term can be computed by the formula

E(X2
n) =

4
KX

i=1

pi;n + 2�

X
16i<j64K

pi;j;n: (3)

The proof is rather the same as that of Theorem 1 and hence
omitted.

Note that since the proof of Theorem 1 does not refer to
the underlying model, the results of Theorem 1 (and The-
orem 2) are valid for all three classes of models, i.e. eiid,
niid, and MMn. Of course, the computations of probabili-
ties pi;n and pi;j;n are closely related to the models used in
each case.

On the other hand, if we take the number of occurrence
of a K-tuple in a realization s as a random variable, then
Theorem 1 says that the expectation curve is the summation
of probability functions of random variables corresponding
to all K-tuples. To be precise, pi;n is the probability of
occurrence of xi, the i-th K-tuple, in s in exact number
of n copies. Fixing i, and letting n take all non-negative
integers, we obtain the probability function of the number
of occurrence of xi as a random variable.

If we divide the value ofE(Xn) by 4K , the number of all
possible K-tuples, then we obtain a probability function in
the sense of average. It is evident that for each n the value
of E(Xn)=4

K is the expected percentage in all K-tuples
which will occur repeatedly in exact number of n times.

Therefore, we can look at the expectation curve of a
K-histogram from two points of view. Firstly, this curve
can be considered as generated from a stochastic process
of fXn j n > 0g, and, secondly, it is the summation of
all probability functions which are generated from each K-
tuple individually. Theorem 1 establishes the relationship
between these two viewpoints. It may seem that the two
terms “K-histogram” and “expectation curve” are not in
good agreement. However, they do reflect the two lines of
thinking on the same object.

6. Exact Computation of Expectation Curve

From Theorem 1 it is clear that in order to obtain the
expectation curve we need to know the probability distri-
bution of the occurrence number (as a random variable) for
every K-tuple. As we know from the literature that there
have been formulae of expectation and variance for differ-
ent models (e.g. see [19, 21] and references therein), but it
seems that there were very few papers in which the proba-
bility distributions of the occurrence number for each and
every K-tuple were obtained explicitly. The only reference
to our knowledge is [5] in which the model was restricted to
eiid. In [17] the same problem was considered for eiid and
K-tuples without overlaps. It is easy to understand that in
the eiid model the problem of finding probability functions
reduces completely to some problems in enumerative com-
binatorics. Therefore, the computation in [5] was based on
the Goulden-Jackson cluster method [7, 8, 16], which were
also used in our works [11, 14, 13].

Although at present time the expectation curve can only
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be computed in the case of the simplest model, i.e. eiid, we
can still use the result to do two types of experiments: (1) to
see the error of an experiment with respect to the exact ex-
pectation curve, (2) to see the error occurred in Monte Carlo
method of Section 4. Since we have no effective algorithm
to execute the computation of exact variance curve through
the formula of Theorem 2, we use instead the estimation of
sd obtained by Monte Carlo method in both experiments.
The results are depicted in Figure 10.
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Figure 10. (a) The error of an experiment ver-
sus exact expectation curve. (b) The error of
Monte Carlo method versus exact expectation
curve. In both pictures the thick curves rep-
resent the estimated sd by Monte Carlo simu-
lation.)

An open problem is how to compute the exact expec-
tation curve and variance curve for the more complicated
models like niid and MMn. In principle, the Goulden-
Jackson cluster method can be used to do the job for small
values of L and K. However, it is not clear whether this
method is capable to provide an effective algorithm for se-
quence length in the order of 106.

7. Poisson Approximation method

It was proved in [17] that the probability distribution of
the occurrence number of a K-tuple in a realization s = sL
obeys asymptotically a Poisson distribution. The conditions
of this assertion are: the model is eiid, the K-tuple has no
self-overlap, the length L of s is big enough, and the prob-
ability of occurrence of a K-tuple is small enough.

Many authors have pointed out that the phenomenon of
overlaps are indispensable for discussing the problem (e.g.
see [19, 5, 21, 18]). One should note that there are differ-
ent types of overlapping K-tuples (see, e.g., [9, 10]). For
example, taking K = 8, the 8-tuples aaaaaaaa, acagtaca,
acgtacgt belong to different overlapping types. Their prob-
ability distributions in a realization are different. For all
65536 types of 8-tuples there are altogether 13 distinct over-
lapping types, including the non-overlap type. The numbers

of 8-tuples in each type are different. For the model of eiid
they have the same expectation, but different variances.

From our experiments we put forward a conjecture that
when we use Theorem 1 to compute the expectation curve,
the Poisson approximation can give satisfying results for all
models in this paper, including niid and MMn, and for all
K-tuples. At least there is no significant error arising from
this approximation method.

A typical experiment is as follows. Here the niid model
is established from the complete genome of H. influenzae
as described in Section 2 (see Figures 5 and 6). The fre-
quencies of mono-nucleotides in the genome are given in
Table 3

a c g t

0.310173 0.191650 0.189853 0.308325

Table 3. The frequencies of mono-nucleotides
in the complete genome of H. influenzae.

In order to compute the Poisson approximation for each
K-tuple (here taking K = 8), we need to know the ex-
pectation of its occurence number (as a random variable).
Observe that in Table 3 the frequencies of a and t are nearly
equal, and the same holds for c and g. Hence we can use
a simplified niid model as the first approximation, in which
the frequencies for c and g take the same value p = 0:19075

(the mean of the values in Table 3), and the frequencies of
a and t are 0:30925(= 0:5 � p). The probability of oc-
currence of a 8-tuple in a realization s = sL is determined
by the number of appearance of a; c; g; t in this tuple. De-
noting these numbers by na; nc; ng ; nt. If nc + ng = k,
0 6 k 6 8, then the probability of occurrence of this 8-
tuple in any place of the sequence s is

pk = pk(0:5� p)8�k; 0 6 k 6 8:

Since the length of s = sL is known (L = 1830023), then
the expectation of this 8-tuple in s is L� pk which is noth-
ing but the only parameter � in the corresponding Poisson
distribution. (The exact formula should be (L�7)�pk, but
the error caused by this modification is negligible.)

After obtaining the expectation �i for the i-th 8-tuple,
we can use the formulae

pi;n =
�ni
n!

e��i ; 1 6 i 6 4
K ; n > 0;

and (1) to perform the calculation requierd in Theorem 1.
A simpler method is to enumerate the number of 8-tuples

which have the same expectation. It is clear that for K = 8

there are only 9 distinct values of expectations among all
65536 types of 8-tuples for the simplified niid model men-
tioned above. If nc + ng = k, 0 6 k 6 8, then the number
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of 8-tuples having the value pk as their expectation can be
deduced as follows.

nk =

X
nc+ng=k

X
na+nt=8�k

8!

nc!ng!na!nt!

=

X
nc+ng=k

X
na+nt=8�k

k!

nc!ng!
�
(8� k)!

na!nt!
�

8!

k!(8� k)!

=

X
nc+ng=k

k!

nc!ng !

X
na+nt=8�k

(8� k)!

na!nt!
�

8!

k!(8� k)!

=2
k
� 2

8�k
� Ck

8

=2
8
� Ck

8 : (4)

The result is shown in Fig. 11(a). For the convenience of
comparison the 8-histogram in Fig. 5(b) is shown again in
Fig. 11(b).
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Figure 11. (a) The Poisson approximation of
the expectation curve of an niid model which
comes from H. influenzae. (b) An 8-histogram
of this niid model.

Although we cannot get the exact expectation curve in
the niid model to examine the validity of the Poisson ap-
proximation, we can at least use the estimation of ex and
sd obtained by Monte Carlo simulation in Section 4 to do
this comparison. The result is given in Fig. 12, in which
the thick curve (of the sd) is used as a reference for the
difference between these two methods. It turns out that the
curve obtained from Poisson approximation method is good
enough to be used in niid model. We have also done exper-
iments for the model of MMn, the conclusion is similar and
thus omitted.

Remark. Using a Visual C++ program we have done the
experiment with the four exact frequencies listed in Table 3
and carried out the summation of Eq. (1) for H. influenzae.
The results are very close to those of the simplified version
mentioned above and hence also omitted.

0 20 40 60 80 100 120 140 160 180 200
0

1

2

3

4

5

6

7

8

9

10

Figure 12. The comparison of Poisson ap-
proximation and Monte Carlo method. The
thick curve of estimated sd is used as a refer-
ence.

8. Analysis of the Mechanism of Multi-Modal
K-Histograms

The Poisson approximation is useful not only to compute
the expectation curve but also to analyze the multi-modal
phenomenon as seen in Fig. 11. We explain our discovery
keeping using the example of H. influenzae in Fig. 11.

As shown in Section 7 that there are only 9 distinct ex-
pectation value among all 48 = 65536 types of 8-tuples
appearing in the complete genome of H. influenzae:

�k = 1830023� 0:19075k� 0:309258�k; k = 0; 1; : : : ; 8:

We list the values of these expectations and the cor-
responding binomial coefficients (which are needed in
Eq. (4)) in Table 4.

k 0 1 2 3
�k 153.086 94.4254 58.243 35.9252
Ck
8 1 8 28 56

4 5 6 7 8
22.1592 13.6681 8.43069 5.20018 3.20755

70 56 28 8 1

Table 4. The values of �k and binomial coeffi-
cients for the model of niid obtained from H.
influenzae.

It is clear that, starting from the largest value of �0, the
values of �k decrease continually in the ratio of

0:19075=0:30925= 0:616815: (5)

Hence the distance between two successive �k becomes
smaller and smaller as k increases. Its effect can be seen
directly in Fig. 13.

Therefore, it can be said qualitatively that the multi-
mode in K-histograms is formed from the summation in
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Figure 13. The individual Poisson probabil-
ity functions and their summation for an niid
model obtained from H. influenzae.

formula (1), where each pi;n forms a unimodal curve (when
n runs within a certain range). From Fig. 13 it is clear, how-
ever, that if two unimodal curves are very close to each other
then their summation may still be an unimodal curve. Here
two factors are in effect: both the distance between succes-
sive modes and the heights of the modes are important to
the final summation.

Returning to the complete genome of E. coli whose cor-
responding 8-histograms were shown in Figures 2 and 3,
we can do the same analysis. However, the result is not as
drastic as that for H. influenzae. From Table 5 we see that
the four types of mono-nucleotides are distributed almost
evenly in the complete genome of E. coli.

a c g t

0.246191 0.254231 0.253658 0.245920

Table 5. The frequencies of mono-nucleotides
in the complete genome of E. coli.

Based on the experience with the genome of H. influen-
zae, we apply the simplified niid model to E. coli. The fre-
quencies of c and g are taken the same as 0:253945, while
those of a and t are 0:246055. In Table 6 we list the param-
eters needed for the Poisson approximation, similar to those
listed in Table 4 for H. influenzae.

The ratio of successive values of expectation for E. coli
is quite different from that of (5):

0:246055=0:253945 = 0:968931: (6)

The values of expectation of every Poisson probability func-
tion are rather evenly distributed in the small range from

n 0 1 2 3
�k 62.3308 64.3295 66.3923 68.5212
Ck
8 1 8 28 56

4 5 6 7 8
70.7184 72.9861 75.3264 77.7419 80.2347

70 56 28 8 1

Table 6. The values of �k and binomial coeffi-
cients for the model of niid obtained from E.
coli.

62.3308 to 80.2347. The individual curves for each Pois-
son probability function stay close to each other and their
summation leads to a unimodal curve as shown in Fig. 14.
Therefore, the randomized E. coli sequence is well de-
scribed by an eiid model.

50 60 70 80 90 100 110

500

1000

1500

2000

2500

Figure 14. The individual Poisson probabil-
ity functions and their summation for an niid
model obtained from E. coli.

Summary. We have found the underlying mechanism
behind the multi-modal phenomena in K-histogram. The
analysis of the two examples for E. coli and H. influenzae
has shown that the basic reason is due to the content of g+c.
The exact number of modes in a concrete expectation de-
pends on several factors. Since it is a robust property of a
majority of K-histograms we can determine the number of
modes simply by depicting one K-histogram for a random-
ized sequence.
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9. Analysis of Short-Range Correlations in
Genome Sequences byK-Histograms

In this Section we try to analyze the short-range correla-
tions which exist in a complete genome sequence taking E.
coli as an example.

Our idea is very simple. In Fig. 2 and 3 we see that the 8-
histograms of the original genome sequence and its shuffled
counterpart are significantly different. Since the shuffled se-
quence can be seen as generated from a niid model (this has
been tested in Section 4, see Fig. 9), there is no correla-
tion between letters in the sequence. What would happen if
we consider correlations in the original genome sequence?
For example, we can count the number of occurrence of
each di-nucleotide and then establish a Markov model of
order 1 (as in, e.g., [1]). For clarity of comparison we de-
pict the two 8-histograms in Fig. 15, where Fig. 15 (a) is the
same histogram as in Fig. 2 (a), but the range is zoomed to
0–200, and Fig. 15 (b) is the 8-histogram of a random se-
quence generated from the MM1 obtained above. Note that
the ranges of ordinate in two 8-histograms are not the same.
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(a) (b)

Figure 15. (a) The 8-histogram of E. coli.
(b) An 8-histogram of sequence generated
from am MM1 model which has the same di-
nucleotides composition as the complete se-
quence of E. coli. Both pictures are restricted
to the range 0–200.

We can pursue these considerations further. However,
as long as 8-tuples are used, the order of the correspond-
ing Markov models cannot exceed 7, otherwise the random
fluctuations in the sequences will show off. In Figure 16 we
list the 8-histograms of sequences generated from Markov
models of order 2–7, respectively.

In examining Figures 15 and 16 we can focus on two
distinct features in the 8-histograms: (1) The position and
height of the mode, (2) The number of avoided or very
under-represented 8-tuples. Then we see that starting from
the order of about n = 5, the 8-histograms of MMn are
nearly the same as Fig. 15(a). Therefore, it is enough to
use the Markov model of order 5 as the first approximation
for the complete genome sequence of E. coli. This conclu-
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Figure 16. The 8-histograms of sequences
generated from models of MMn which has the
same n+1 nucleotides composition with as
the complete sequence of E. coli for (a) n=2,
(b) n=3, (c) n=4, (d) n=5, (e) n=6, (f) n=7.

sion has been obtained and used in many previous works for
gene-finding (e.g. [2]).

10. Discussion

Most of the results in this paper bear an experimental
nature except for those in Section 5. Therefore, many prob-
lems are left for future study. We list a few.

1. The selection of the value of K.

One fact is plainly true that for K = 1 we can only get
the frequencies of the 4 mono-nucleotides and nothing
more. Hence it is plausible that only one value of K
could not grasp too many information contained in the
genome sequences. The situation here is different from
the 2D visualization scheme that if K is too big, then
the correspondingK-histogram contain very little use-
ful information since most K-tuples would be missing
and the K-histogram is less interesting. Hence how to
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select appropriate values of K is worth discussing in
using the 1D visualization presented in this paper.

2. How to use 1D visualization to study protein se-
quences.

Here the sequences have 20 distinct letters but are of
much shorter length. Hence the difficulty confronted
is of quite a different nature. We have been using the
counting of K-tuples in amino acid sequences already
(e.g. see [15]), but a thorough analysis is still lacking.

3. How to study mathematically the exact properties of
random variables Xn, i.e. the number of distinct K-
tuples which have the same occurrence number n in a
realization s.

Theorems 1 and 2 give only the expectation and vari-
ance of Xn. Both of them reduce the study of Xn

into the study of occurence number of each K-tuple.
Since the latter problem has its solution only in the eiid
model which is the simplest stochastic model, maybe
this reduction is not the best approach for studying
Xn. An easy estimation of Xn’s sd is useful to pro-
vide a true proof of robustness discussed in Section 4.
The asymptotic property and correlation of Xn are not
known yet.

4. The conjecture that Poisson approximations can be
used safely to all three models also needs a proof. We
don’t know the real reason behind it, and a rigorous
proof is welcome.

Here it is interesting to note that in the early literature
of computational biology it was common to use the
value of expectation as variance in counting K-tuples
in DNA sequences (see, e.g., [1]), and later on there
appeared many critics on this point (see, e.g., [18]).
But our experiments involved in 1D visualization have
shown that using the value of expectation as variance
will not cause serious error in the sense of average.
After all, the 1D visualization scheme is of the nature
of averaging over all K-tuples and it is well described
by Poisson approximations.
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