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The MIT bag model for the pion is improved and extended in such a way that the pion does not have spurious center- 
of-mass mot ions;  perturbative gluon contr ibut ions to the pion mass m_  and decay constant  fTr are both  calculated to lowest 
order in c%. The pion is a Nambu -Golds tone  boson in the sense that t~e vacuum in the bag refers to massive const i tuent  
quarks, but  not so massless current quarks. The t ransformat ion of  Nambu and Jona-t.asinio between massive and massless 
quarks is ulifized in the computa t ion  offr r the result of  which strongly suggests that quarks in the pion are correlated, 
characterized by a corrclat(on m o m e n t u m  which is ~ 300 MeV/c. The vacuum expcctat ion value for the massless quark 
condensate is calculated to be ( ~  ~ 0.04 GeV 3, corresponding to a current quark mass of  ~ 4  MeV. The requirement 
that mrr approaches zero in a manner  consistent with PCAC constrains the bag energy to be m~r]4. 

Because of its spin-parity ( 0 )  and its having a 
mass very much smaller than that of any other ha- 
dron, the pion has long been considered as the logical 
candidate for the Nambu-Goldstone boson associated 
with the spontaneous breaking of  the chiral symme- 
try of  the strong interaction [1,2]. In this scheme it 
is assumed that chiral syrrmletry is broken by the 
quark mass term m0~ ~. In the limit m 0 ~ 0 but with 
the vacuum expectation value (~ if) =~ 0, chiral sym- 
metry is spontaneously broken and associated with 
it is a massless Nambu-Goldstone boson (i.e. a mass- 
less pion). The physical nearly massless pion corre- 
sponds to the Nambu-Goldstone boson when m 0 
4= 0 and ( ~ )  :/: 0. A very important consequence of 
the hypothesis described above is PCAC (partially 
conserved axial vector current) [3,2], the use of 
which permeates our understanding of nuclear phys- 

1 Supported in part by tile Natural Sciences and Engineering 
Research Cout~cil of  Canada and I)epartment of  Education 
of  Quebec, Canada. 

ics. A key element of PCAC is that the pion decay 
constant remains finite in the limit of vanishing pion 
m a s s .  

In this work we appraoch the subject from the 
point of view of the MIT bag model [4] in which the 
problem of quark confinement is not solved but is 
simulated by a cavity subjected to an inward pres- 
sure B and in which the pion is considered ot be a 
quark-antiquark composite bound within the pres- 
surized cavity. Because of its amenability to calcula- 
tion the bag model has become a powerful tool for 
studying hadrons at low energies [4]. Our prime ob- 
jective is to examine to what extent the bag model 
pion can be reconciled with the idea that it is a 
Nambu-Goldstone boson. This work was inspired 
by tile earlier work of Donoghue and Johnson (DJ) 
[5], but our approach is drastically different from 
theirs and we have gone considerably farther than DJ 
toward our objective. Our model for the pion differs 
from the MIT model in three important aspects: 
(i) tile pion state does not have spurious center-of- 
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mass motion [5,6], (ii))'~ is treated on the same foot- 
ing as mrr both are calculated in perturbation theo- 
ry to order as, the effective coupling constant of  
QCD; this allows one to retain the desirable PCAC 
property that lTr remains finite in the limit mrr ~ 0. 
(iii) we distinguish the massive constituent quarks o f  
which the pion is composed from the massless (or al- 
most massless) current quarks of  the bare, (almost) 
chirally symmetric lagrangian, and recognize the no- 
tion that the vacuum in the bag refers to constituent 
quarks, but not to current quarks; utilizing a trans- 
formation similar to that o f  Nambu and Jona-Lasinio 
(NJL) [7] between the constituent and current quark 
operators, we establish a connection between J'~ and 
the vacuum expectation value (~ if). 

In this paper we give the important results o f  our 
work;details will be given elsewhere [8].  Here we 
merely mention that, compared to previous work [4, 
5],  we have also considerably simplified the compu- 
tation by working in the momentum representation. 
We find that the gluon contribution to [~ is impor- 
tant and that J~ is very sensitive to quark correlation 
in the pion wavefunction Idaich suppresses the high 
momentum spectrum, and which can be characterized 
by a correlation momentum Pc. In the limit Pc ~ 0% 
there is no correlation and we find 3'~ ~ 300 GeV 
and (~ff) ~ 0.1 GeV 3. When Pc ~ 300 MeV,frr has 
the correct value ( ~ 1 3 0  MeV) and (~ff) ~ 0.04 GeV 3. 

We write the pion with momentum P as a qua rk -  
antiquark composite 

17r(P)) = 2El, f d 3 p  1 d3p26(P - Pl - P2 )F(P '  p) 

× ~ f i (PlSl)75 v(p's~)b+ s d+ 10), ( I )  
SIS2 " -  P l  1 P2S2 

with the normalization 

(Tr(P)I~(P')> =- 6(P -- P ' )2EpN2(p) ,  (2) 
+ 

+ (d i ) creates a quark (antiquark) o f  momen- where b i 
turn Pi, mass m i and polarization si; p = ~(.Pl - P2) is 
the relative momentum; F(P, p) = f(P 1)f(P2)~(P) is 
the quark-ant iquark wavefunction. For the MIT bag 

f (Pi)  = f ( x i ' z i )  

- R30o(Xi  zi) - / o ( X i  + zi) ] [2xiz  i, 

where R is the bag radius, z i =pi  R,  and x i is the eigen- 
mode solution [4] of  the bag: x i -- [1 - Ui -- (x~ 

+/a2) 1/2 ] tan x i = O, Oi = miR" For the correlation 
function we choose ~(p) = [1 + (pipe)2] " 1, which 
has the effect of  suppressing the wavefunction for 
momentum greater than the correlation momentum 
Pc. We do not derive ~(p), rather we assume it to be 
a consequence of  QCD, and shall show that the bag 
model of  the pion is much improved by its presence; 
for the results reported here the detail functional form 
of  ~(p) is not important. When integrated over all P, 
the wavefunction in (I)  becomes identical to that of  
the MIT bag model in the limit Pc -~ oo. In our model 
the pion at rest has P = 0. For simplicity we assume 
the quark and antiquark in the pion have the same 

mass,/~l =/~2 =/.t. 
The effective two-body quark---quark interaction 

is derived from the color-electromagnetic energy of  
the gluon fields: 

ttg = -27rt~s f d 3  xO v Aa u OVA au , (3) 

= f d 4 y O l ( X  ~ 'X" ' Aa~(x) -- y )  ~u(y)g 7u ~,(v), (4) 

where ff(.y) is the quark field, X a (a = 1, ..., 8) are gen- 
erators of  the SU(3) color group, and we use the static 
approximation for the gluon propagator 

Ol.(X - y )  = 6(x 0 -- y0 ) (4 r r l x - -y l )  -1 . (5) 

To order a s the mass of  the pion can be written as 

Err = 1:'0 + Eg = E K -- E z + t:" B + Eg, (6) 

where L'" z = Z / R  is the zero point energy, 1:'13 = (47r/3) 
× BR 3 is the bag energy, and the kinetic energy 
L" K is calculated from the free hamiltonian 111.. 

E K = Or(O)lH F Izr(O))/Or(O)lrr(O)) = 13/RI 2 =- 2x /R ,  

It, = ? dzz2¢2(z)[2co] n, O(z) = f2 (x , z )~ ( z ) ,  (7) 
0 

and co = co(z) = (z 2 +//2) 1/2. Z and B are parameters 
of  the model. The gluon energy is 

Eg = (n(O)[Hg I~r(0))/Or(0)lTr(0)) = - (2as /3rr ) lg /Rl  2 , 

Z+Z* 
Ig = 16 dz dz' C(z)O(z')zz'coco'ln ~ . (8) 

0 
To first order in a s the pion decay constant is given 

by 
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f ,  = f (0 )  +fg(0) ,  (9) 

where 

f ( P ) e  = (01~5 I~0 ' ) ) /x(e) ,  

f g ( P ) P  = (01J s (E  0 - H0)-l l tglrr(P)) /N(P),  (10) 

Ito_is the hamiltonian corresponding to E 0 and Ju5 
= ~byu3, 5 ¢ is the axial vector current in terms of  cur- 
rent quark fields. The axial vector current can be re- 
expressed in terms of  fields of  consti tuent quarks 
with the aid of  the momentum dependent  transfor- 
mation [7] between consti tuent and current quarks *t 

This yields an extra factor cos20 o - sin20 o =/3 o --- p2/ 
(p2 + m 2) to the operator;  0 n = fan 1 [(1 - ~D)/(1 
+/3p)] 1/2 is the angle of  tran'sformation where the 
small mass m 0 of  the current quarks is ignored. We 
then have 

f(O) = (~2/R)Io, ~ = (16M')oR/12)I/2, 

I d = la ? dzz3~(z)~(z)/cd 2, (1 1) 

0 

fg(O) = - (2as/3Zr) (fZ/R)ldg, 

l,tg = 21a ? dz4)(z) ~ ? dz, wzz'2 
o o ~ o ' 3 ( ~  ' - . -x )  

o2, × r?(z')ln 

9 D is the principal value operator and x is defined in 
(7). Since E,~ = E 0 + t:'_, formally f .  need not  vanish 
with E,~, but  is proport~ional to (Eo) 1/2 = ( - E g )  1/2 

when E,r -+ 0. 
In (11) and (12) we have assigned a cutoff  func- 

tion 77 to the vacuum. This is necessary when we real- 
ize that without  a cutoff,  the vacuum expectat ion 
value for the current quark density, or the quark con- 
densate, is logarithmically divergent. Summing over 
two flavors, three colors and the positive and nega- 
tive energy states, the current quark condensate is, 

t i The exact form of the correct transformation between 
constituent and current quarks is not known. See, how- 
ever, ref. [91. The N Jr. transformation used here ignores 
the spin but satisfies the most important requirement of 
the correct transformation: 0p + 0 in the limit of m/p 
--+ 0. 

to 0(1)  

12 jar'3p m sin2Oprl(p) 
(t; 2 + m2) 1/2 

= (3m3/Tr2)[ln ( 2 A J m )  - 1 + O(m/Ac)],  (13) 

where A c is the cutoff  momentum.  To this order, an 
identical expression is obtained when we let r~ have 
the same functional form as the correlation function 
~. Notice that to within a logarithm, the condensate 
vanishes as the third power of  the consti tuent quark 
mass when the latter approaches zero. 

For the parameters of  our model we use the value 
B I /4  = 131 MeV, for reasons to be made clear later, 
and the QCD inspired relation [5] %(R) = %/ ln(1  
+ 1/RA) for the R dependence of  the running cou- 
pling constant,  where empirically [10] A = 0 .1 -0 .5  
GeV. We use A = 0.2 GeV, and a 0 = 0.5; at the pion 
radius (R ~ 0.6 fin) this gives a s ~ 0.5 and about the 
correct amount  o f  gluon energy (Eg ~ - 0 . 6  GeV) 
needed for the splitting of  the ~r and p masses. Taking 
now the energy as a function of  the two parameters 
m and Z and the variable R, we can solve for m and 
Z by requiring that E,~ = m ,  be stationary,  or d E J  
dR = 0, at R = 0.6 fm, the experimental value for the 
pion radius. This still leaves the correlation momen- 
tum Pc undetermined. The results in table 1 illustrate 
the dependence o f  the various calculated quantities 
on Pc; there is no correlation when Pc = no. Values 
for the decay constant given in the table corresponds 
to A c = ~ ,  but  those values are not sensitive to Ac, 
provided it is >~7 GeV, which is the value for A c used 
to compute the quark condensate. The calculated re- 
suits are in best agreement with the empirical value 
m ~ 340 MeV, Eg ~ 600 MeV and fn = 132 MeV 
when Pc = 300 MeV. When Pc is greater than 300 MeV 
the calculated values of  the above quantities rapidly 
become too large. This implies that the kinetic mo- 
tion ascribed to the quark with the wavefunction de- 
termined from boundary conditions of  the bag mod- 
el alone is too  hard. Here we have softened this mo- 
tion with a correlation function. 

One of  the features of  our model is that the pion 
decay constant,  like the pion mass, is also the result 
of  cancelling contributions.  This is to be expected 
since the typical energy scale of  the bag model is 
>~0.5 GeV, and in this model it would be difficult to 
generate energies such as m and j'~,, which are of  the 
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Table I 
Results a) for pion calculated with several different values for Pc" 

9 June 1983 

Pc 

151) 300 500 

Z 0.842 1.26 1.34 2.37 
m 283 352 386 518 
R~r (fro) b) 0.6 0.6 0.6 0.6 
c~ s c) 0.514 0.514 0.514 0.514 

/:'K 925 1157 1323 1787 
Eg -543 -639 -777 -903 
1:" B d) 35 35 35 35 
t:" Z - 277 -413 -442 -780 

riO) 638 748 873 1050 
lg(0) .... 554 -622 -636 .. 778 
YTr = f(O) + f~z(O) 3 84 126 237 272 
(~"',k) (10 -2 t3eV ) 2.0 3.6 4.5 9.7 

al Unless otherwise stated, all energies (momenta) are in units of MeV (MeV/c). 
b) Input. c) as = 0.5/In (1 + I/RA), A = 200 MeV. 
d) The bag constant is constrained such that E B = mrr/4 ; at R = 0.6 fm, B I/4 = 131 MeV; see text for details. 

order of 0.1 GeV, without cancellation effects. 
When Pc = 150-300  MeV, the quark condensate 

is calculated to be ( 2 - 4 )  X 10 -2 GeV 3. This quan- 

tity is not directly measurable, but recently reported 
Monte Carlo calculations [ 11 ] in lattice QCD also 
yielded ( ~ f f ) -  3 X 10 -2 GeV 3. l fwe use the PCAC 
sum rule [2,12],  

- t-f2m2 (14) 

then we deduce m 0 ~ 7 MeV for the current quark 
mass, a value which is consistent with other phenom- 
enological estimates. Also notable is that our results 
satisfy approximate ly~ r c~ (~ff)l/2, which in turn 
implies that rn ~r c, m 1/2'. 

On the other hand, since m 0 does not appear ex- 
plicitly in our calculation, there seems to be no obvi- 
ous mechanism within our model to dynamically drive 
the pion mass to zero. What we know is that, assuming 
the zero mass pion to be a Nambu-Golds tone  boson, 
whatever mechanism we choose must be such that 

m, R, a s and Pc remain essentially unchanged. The 
only parameters that can be changed are therefore 
B and Z. It can be shown that if E,~(/3,L 0 = m~, is a 
stationary solution, then so is 12"Tr(Bo,Zo) = 0, pro- 
vided that B 0 = B - ( 3 / 1 6 r r ) m , r R - - 3  and Z 0 = Z 
+ 3rnr~R/4 .  Since the bag pressure violates chiral in- 

variance, the bag constant B 0 should vanish in the 
symmetry limit, i.e. when m,r = 0. This suggests that 
in the bag model the bag pressure plays the role of 
m 0 for explicit chiral invariance violation; it follows 
that (16rr/3)BR 3 = mTr, or the bag energy be equal 
to one-fourth the pion mass. At R = 0.6 fm, this yields 
B 1/4 = 131 MeV, thus explaining our reason for choos- 
ing to use this value. It is remarkable that this value 
is so close to the ~ 140 MeV determined phenomenol- 
ogicaUy for the MIT bag [4,5]. A plausible interpreta- 
tion for the increase of  Z in the limit m --* 0 is that 

E z represents the energy of the zero point motion 
of the current quarks, which should increase when 
these quarks become massless. 

The procedure described above clearly decouples 

f~r and ( ~ b )  from rn n as mTr -* 0, thereby allowing, 
through (I 4), the Nambu-Golds tone-PCAC relations 

lhnmo~0 m~ r oc m 1/2 and  limmn__,O fTr oc ( ~ ) I / 2  
= constant 4= 0 to be satisfied. 

We conclude that the bag model and the N a m b u -  
Goldstone descriptions of the pion can be made com- 
patible, provided a clear distinction is made between 
massive constituent quarks, in terms of  which the 
structure of the pion is simple, and the (almost) mass- 
less current quarks which define the QCD lagrangian. 
The bag and its associated vacuum refer to the former, 
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but  not  to the lat ter .  For  the bag to produce numeri-  

cal results that  agree wi th  exper imenta l  data,  it is nec- 

essary to suppress componen t s  o f  the quark wave- 

funct ion o f  the MIT bag with  m o m e n t u m  greater 

than 300 MeV. These conclusions are very similar to 

those f rom the recent  work  o f  Goldman  and Haymaker  

[13] ,2,  whose approach of  the topic  under  discus- 

sion is quite  di f ferent  f rom ours. We calculated the 
(current)  quark condensate  to be ( ~ )  = ~ 4  X 10 -2  

GeV 3, which corresponds to a current  quark mass o f  

~ 4  MeV. We argue that  in the bag mode l  the only 

way that  is consistent  with PCAC to drive the  pion 

mass to zero is to vary the parameters  B and Z in a 

prescribed fashion, such that  B -~ 0 when  m~r -~ 0; 

this constrains the bag energy to be one quarter  o f  
the pion mass. 

-t2 We thank Goldman for a useful communication. 
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