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The prevalence of three symmetries, reverse, complement, and inverse (or reverse-complement), in
about 800 complete genomic sequences extant in GenBank is studied. Each symmetry is measured
by an index, χ, where χ=1 indicates lack of symmetry and χ=0, perfect symmetry. All random
sequences have χ∼1. For reverse and complement symmetries it is found that χ∼1 in all complete
sequences. In sharp contrast, χ∼0.05 for the inverse symmetry in all cases. The results suggests
that a variety of modes of inverse segmental duplications, including multiple random small events
and singular genome-size events, played prominent roles in genome growth.
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Chargaff long ago discovered that double stranded
DNA sequences have base parity: the ratio of the amount
of adenine (A) to thymine (T), and that of guanine (G) to
cytosine (C), are always very close to unity [1]. This pro-
vided supporting evidence to Watson and Crick in their
discovery of the base-complement, double helical struc-
ture of DNA [2]. Not predicted by the Watson-Crick
structure is the so-called Chargaff’s second parity rule:
the same symmetry holds, to an accuracy of within a few
percents, in a single strand of DNA [3, 4]. Chargaff’s sec-
ond parity, which is a monomeric base-complement sym-
metry, has two simple generalization to k-letter words,
or k-mers. To illustrate, consider the frequency of oc-
currence (frequency for short) of the 5-mer AAGTC in
a (single strand of a) DNA. Its reverse, complement,
and reverse-complement (hereafter, inverse) are CTGAA,
TTCAG, and GACTT, respectively. We say the sequence
has reverse (complement, inverse, resp.) if the frequen-
cies of AAGTC and CTGAA (TTCAG, GACTT, resp.)
in the sequence are nearly the same (see below for a quan-
titative definition of the symmetries). Chargaff’s second
parity may be a special case of either the complement
or inverse symmetry. It was shown that Chargaff’s sec-
ond parity is a special case of inverse symmetry, but not
of complement symmetry [5, 6], and that the symmetry
appears to apply to words of up to nine letters [7].

Here we show that although the conclusions arrived at
in [5–7] are substantial correct, the distance-like measure
used there is infer symmetry is not well suited for its des-
ignated purpose. In particular, if one applied the method
of [7] to random sequences, then one would have erro-
neously concluded that such sequences have good com-
plement, inverse, as well as reverse symmetries. Here we
take crucial properties of genomic sequences into account
to define a index χ that is specifically designed to mea-
sure symmetry.

We first define terminology and symbols. A genomic
sequence is always meant to be single-stranded. We de-
note a nucleic sequence k-bases long by k-mer and the set
of all 4k k-mers by Gk. Given a (nucleic) sequence, we
obtain the frequency of occurrence fu of each k-mer u in

Gk using an overlapping sliding a window of width k and
slide over the sequence [9]. Then sum of the frequencies is
L-k+1, here to be approximate by L; i.e.,

∑
u∈Gk

fu=L,
with mean frequency f̄=L/τ , where τ=4k is the total
number of distinct types of k-mers. Let the fractional
AT- and CG-content of a sequence be denoted by p and
q=1-p, respectively. To prevent the uneven base compo-
sition in a genome from masking the information sought
[10], we partition Gk into subsets (m-sets) Sm, m=0 to k,
where each of the τm=

„
k
m

«
2k types of k-mers in Sm con-

tain m and only m AT’s. For example, in the case of k=2,
S0 is the set CC, CG, GC, GG; S1 is the set CA, CT,
GA, GT, AC, AG, TC, TG; and S2 is the AA AT, TA,
TT set. We denote by f̄m the observed mean k-mer fre-
quency in Sm and by σ2

m=τ−1
m

∑
u∈Sm

(fu− f̄m)2 the vari-
ance. The expected value for f̄m in a random sequence
whose length approaches infinity is f̄

{∞}
m =f̄2kpmqk−m.

Note that when p=0.5, f̄
{∞}
m =f̄ for all m.

For this study we analyzed 786 complete sequences —
all the non-redundant prokaryotic and eukaryotic com-
plete sequences in public databases at the time of the
download — ranging in lengths from 200 kb to 230
Mb. The sequences, 384 complete prokaryotic genomes
and 402 complete chromosomes from 28 eukaryotes, were
downloaded from the National Center for Biotechnology
Information (NCBI) genome database [11], except the
rice genome, which was downloaded from the Rice An-
notation Project Database (RAP-DB) [12].
Confirmation of Chargaff’s second parity rule for
complete genomes. Let nA, nC , nG, and nT de-
note the numbers of the four bases, respectively. Then
nA+nC+nG+nT =L is the length of the genome. We de-
fine a base-complement symmetry index η as follows:

η = L−1
(
p(nA − nT )2 + q(nC − nG)2

)1/2
(1)

Fig. 1 shows the values of η averaged over groups
of sequences of: (a) similar lengths, and (b) similar
AT-contents. For control, we generated random se-
quences of lengths and AT-contents — for given p we
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(a) (b)
FIG. 1: Base-complement index η for sets of genomes/chromosomes
of: (a) similar lengths, and (b) similar AT-contents. Boxes delineate
25 and 75 percentile values; lines in boxes are medians; error bars
indicate 90 and 10 percentile values.

set pA=pT =p/2 and pC=pG=q/2 — similar to genomic
sequence and verified that their η accurately scales as
L−1/2. The genomic η also follows an approximate power
law with an exponent of -0.33, but has large fluctuations
(Fig. 1 (a)). The overall characteristic genomic η is of
the order of 10−3, indicating a very high degree of base-
complement symmetry. This justifies the AT versus GC
division in our m-set partition. Unicellular eukaryotes
tend to have weaker base-complement symmetry than
multicellular ones. The extreme cases are E. cuniculi,
(fission yeast), and P. falciparum (“Malaria”), with η
values of 9.6×10−3, 7.9×10−3, 4.3×10−3, respectively.
Definition of symmetry index. For a given k, let
the set Pρ, be the set of distinct ρ-conjugate but non-
self-conjugate pairs of k-mers types, where ρ=r, c, and
r denote reverse, complement, and inverse symmetry,
respectively. For example, for k=2, Pr={(AT,TA),
(AC,CA), (AG,GA), (TC,CT), (TG,GT), (CG,GC)};
Pc={(AA,TT), (AT,TA), (AC,TG), (AG,TC), (CC,GG),
(CA,GT), (CT,GA), (CG,GC)}; Pi= {(AA,TT), (AC,
GT), (AG,CT), (TC,GA), (TG,CA), (CC,GG)}. We de-
fine, for given k, the ρ-symmetry index, χρ, as

χ2
ρ =

1
2Nρ

∑
(u,u†)∈Pρ

(
fu − fu†

σmu

)2

, ρ = r, c, or i, (2)

where u† is the ρ-conjugation of u, σmu is the standard
deviation of the m-set to which the conjugate pair be-
long, and Nρ is the number of ρ-conjugate pairs in Pρ.
For example, for k=2, Pr=6, Pc=8, and Pi=6. The use
of σmu

as a normalization factor in Eq. (2) is important:
because (fu − fu†)2 is expected to be equal to 2σ2

mu
on

average if the frequencies of a conjugate pair are uncor-
related, χρ is expected to be close to unity in the absence
of ρ-symmetry. Using an m-dependent σmu

reduces the
possible influence of variation in base-composition on the
symmetry index. A χ significantly less than unity indi-
cates the presence of symmetry and, in the extreme case,
χρ=0 implies exact symmetry. We have verified that
χ
{ran}
ρ ≈1 for all three symmetries in random sequences.
In ref. [7], the L1 distance, S1

ρ=1−(
∑

u∈Gk
|fu−fu† |)/

(
∑

u∈Gk
|fu|+|fu† |), was used as a measure of ρ-

symmetry; the closer S1
ρ approaches unity the better the

symmetry. (Note that in [7] f is a distribution frequency,

∑
u fu=1, whereas here it is a frequency of occurrence,∑
u fu=L.) Table Table I gives the χρ and S1

ρ of the
genome of E. coli and a 5 Mb, p=0.5 random sequence
for the complement and inverse symmetries. The S1 val-

TABLE I: Symmetries measured by S1 and χ

Complement Inverse
S1

r χc S1
i χi

k E. coli Ran. E. coli Ran. E. coli Ran. E. coli Ran.
2 0.9280 0.9241 0.9563 1.1359 0.9981 0.9993 0.0345 1.1925
3 0.9072 0.9305 0.9607 1.0558 0.9965 0.9982 0.0295 1.2242
4 0.8822 0.9356 0.9465 1.0068 0.9946 0.9965 0.0307 0.9497
5 0.8558 0.9398 0.9320 1.0177 0.9905 0.9921 0.0412 1.0024
6 0.8312 0.9428 0.9188 1.0110 0.9826 0.9948 0.0611 0.9671

ues in the table does indicate that the E. coli genome
has better inverse symmetry than complement symme-
try. However, it also indicate that in the random se-
quence both symmetries are as good as the inverse sym-
metry in the E. coli genome, which is of course incorrect.
In sharp contrast, the χ values correctly indicate com-
plement symmetry is absent in E. coli and the inverse
symmetry is present to a high degree — at the 5% level,
and both symmetries are absent in the random sequence.
We note that in χ the factor |fu−fu† | is measured as a
relative quantity — against σmu — whereas in S1 it is
measured as an absolute quantity. It is known that the
value of σmu

in a genome is much greater than that in
a matching random sequence [10]. Thus in Table I, S1

for random sequence is very close to unity not because
|fu−fu† | between a conjugate pair is especially small, but
because in a random sequence such a difference between
any given pair is small.

(a) (b)
FIG. 2: (a) k-averaged indexes for reverse- and complement-
symmetries averaged over all sequences and inverse-symmetry aver-
aged over categories of organisms. For each piece of dta the horizotal
tic (b) k-specific χi averaged over categories of organisms.

Genomes have strong inverse symmetry. Fig. 2 (a)
summarizes the situation for the three types of symme-
tries in the 786 complete genomic sequences. The indexes
are averaged over k=2–6 and categories of organisms. It
is seen that χr and χc are close to unity, and χi is of the
order of 5×10−2. This shows that genomes have good in-
verse symmetry, but not the two other symmetries. Fig. 2
(a) shows that the k-averaged χi has a systematic depen-
dence on sequence length; a linear digression of the data
yields a power-law exponent of −0.475±0.035.

Inverse duplication generates inverse symmetry.
What we have observed so far has three aspects: (1) The
presence of strong inverse symmetry; (2) The absence of
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reverse and complement symmetries; (3) The (2) power-
law dependence of χi on genome length. We now proceed
to provide explanations to all three. We first consider the
possible cause of inverse symmetry. Segmental duplicat-
ion is known to be a driving force in genome growth and
evolution [13–17], and inverse segmental duplication, or
simply invdup, is also known to have occurred in genome
evolution [18–20]. Fig. 3 demonstrates how inverse sym-
metry is generated by an invdup. Note that because the

FIG. 3: Schematic steps in inverse duplication: (a) A segment
sc=CTGAA in the negative (3’ to 5’) strand is to be duplicated. Its
complement on the positive (5’ to 3’) strand is s=GACTT. (b) sc

must be reversed for it to be inserted as si=AAGTC into the positive
strand. (c) The insertion creates an inverse-complement conjugate
pair (s,si) in the positive strand, hence also the pair (sr,sc) on the
negative strand.

two strands of a DNA have opposite orientations, invdup
is the natural and only allowed mode of inter-strand copy-
ing. We know of no analogous mechanism that can gen-
erate either reverse of complement symmetry, and this
may be the reason why genomes seem not to have such
symmetries. If a fraction v of a genomic sequence owes
its existence to invdup events, and if the typical length of
a duplicated segment is much longer then the length of
the k-mers under consideration, then χi≈1−2v, indepen-
dent of k. For simplicity we ignore the negative impact
of point mutations on symmetry; in any case the impact
would be far less severe for short k-mers then it might
be on long segments. The inverted segments could be a
result of a single large invdup event, or the accumulative
effect of many small ones, or a combination of both.

We consider the the effect of small invdup events in
a simple model of genome growth, where the genome
grows by a random segmental duplication. We assume
the length of the duplicated segment is a constant, λ, is
much less then the sequence length but much greater
then the longest k-mer being considered, and for ev-
ery invdup there are n regular — positively oriented —
duplications. Suppose at some point the genome has
length L, of which a fraction v is inverted. Then after
a round of n+1 duplication events, the inverted fraction
becomes (v(L+nλ)+(1-v)λ)/(L+(n+1)λ). Then dv/(1-
2v)≈(1+n)−1dL/L, and this yields a power-law for χi,s

caused by small invdup events:

χi,s = 1− 2v ≈ (L0/L)β (3)

where β=2/(1+n) and L0 is the nominal length when
v=0.
[*** Note: this formula seems not to be borne out by
simulation]
Inverse symmetry and compositional asymmetry.
Sudden changes in the long-range variation in inverse
or complement symmetry will cause noticeable compo-
sitional asymmetry, or base skew [8, 21–24], but lack
of base skew does not imply lack of inverse or comple-
ment symmetry. We have showed that as a rule comple-
ment symmetry is absent in genomes, so whatever base
skew found in genomes must be caused by inverse sym-
metry. Prominent examples of the large asymmetry are
B. burgdorferi and T. pallidum [23], and an extreme ex-
ample of the opposite is Synechococcus sp. [21, 22]. Fig. 4

(a) (b)

(c) (d)
FIG. 4: Long-range variation of χi in prokaryotic genomes. Each
data gives the average and standard deviation of χi over all non-
overlapping segments of the indicated length; the last data gives the
χi for the whole genome for: (a) B. burgdorferi, (b) Synechococcus
sp.; (c) E. coli; (d) A. fulgidus.

gives four distinct types of long-range variation of χi seen
in prokaryotic genomes. Although the χi for the whole
genomes of the 0.91 Mb B. burgdorferi and the 3.6 Mb
S. sp. are both of the order of 10−2, the long-range vari-
ations of χi in the two genomes differ drastically. Fig. 4
(a) shows that the genome B. burgdorferi is composed of
two parts of approximate equal length, both lacking in
inverse symmetry. Hence the good inverse symmetry for
the whole genome suggests one half may be the inverse of
the other, possibly the consequence of a genome-size in-
vdup event [25, 26] (this supposition needs to separately
verified). The dip in χi with very large error bars at 0.3
Mb is caused by the fact that one of the 0.3 Mb segments
straddles the symmetry point and has a very small χi,
while all the other segments lack symmetry. The case
of S. sp. (Fig. 4 (b)) is the other extreme; for lengths
greater than 1000 b χi follows a power-law decrease in
accordance with Eq. (3), suggesting that inverse symme-
try is homogeneous over the entire genome, presumably
caused by many small invdup events. The cases of E. coli
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and A. fulgidus (Fig. 4 (c) and (d)) are intermediates be-
tween B. burgdorferi and Synechococcus sp., E. coli more
similar to B. burgdorferi and A. fulgidus more similar to
Synechococcus sp. An interesting fact not yet explained
is that base skew, when they occur, often change sign
near the origin (ori) or terminal (ter) sites of replication
[8, 21–24]. The sensitivity of long-range variation plots
on (presumed) large invdup events implies that it can
be used to locate the approximate site of the symmetry
point. By this way we found the sites in B. burgdorferi
and E. coli to be 490 k and 1,577 k, respectively. These
correspond to the ori in B. burgdorferi (457 k) [23] and
the ter in E. coli (1,588 k) [22, 23], respectively.

The long-range variation of χi in eukaryotic chromo-
somes lies within the two types given by Synechococcus
sp. and A. fulgidus. Fig. 5 gives the averaged segmental

(a) (b)
FIG. 5: Long-range variation of χi in human chromosomes. (a)
Each curve gives the mean χi for 4-mers as a function of segment
length from on chromosome; all 24 chromosomes are shown. results
for other k-mers are similar. (b) Mean and standard deviation of χi

for 4-mers from the Chromosomes 9, 14, 15 and Y.

k=4 χi for the 24 human chromosomes, superimposed.
The long-range variations of the chromosomes are prac-
tically identical up to a segment length of about 1 Mb,
with small differences occurring for longer segments.

(*** This section may need to be rewritten; IGNORE for
now)

If we assume a genome-size invdup is a recent event,
that is, it came after most of the small invdup events (if
any), then, because χi is linear in v, the effects of the two
types of invdup events can be delineated, and by using
Eq. (3) the length of the inversely duplicated segment
in the genome-size event, Li,g, the accumulative segment
length from small invdup events, Li,s, and pi=(1+n)−1,
the fraction of duplication events that are inverse, can be
extracted from the measured long-range behavior of χi.
For instance, from Fig. 4 and taking L0 to be 1 kb we ob-
tain: for B. burgdorferi (genome length 2 Mb) Li,g∼0.43
Mb, Li,s∼0.05 Mb, pi∼0.009; and for E. coli (4.6 Mb),
Li,g∼0.51 Mb, Li,s∼1.7 Mb and pi∼0.09, respectively.

(*** More discussion and summary to come)
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