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Recently it was reported that in terms of the global feature
of frequency distributions of short words, whole genomes
are equivalent to random sequences of a much shorter
length which, for given word length, is genome indepen-
dent, or universal. For two-letter words the universal equiv-
alent random-sequence length was found to be about 300
bases. Here we show that as a rule whole genomes are
highly self-similar in exhibiting this universal property. For
two-letter words, with few exceptions any segment more
than ∼1000 bases from any genome possesses the same
universal property. The universality and self-similarity
taken together suggest genomes are close to being self-
organized critical systems. We show that a model in which
genomes grow by maximally stochastic segmental duplicat-
ion will generate sequences that share the univrersal and
self-similar properties of genomes.

Universality class. Whole genomes under casual in-
spection appear to be highly random texts of chemical
letters, inspite of the many genes and regulatory signals
embedded in them. In a recent study we quantified the
difference between a genome sequence and its random
sequence match by comparing their respective frequency
distributions of overlapping k-mers, or k-spectra.1 Two
sequences are said to match when they have the same
length and base composition, or profile. It is an em-
pirical fact that genome sequences are almost always
compositionally self-complementary such that, at the
level of acuuracy we are interested, it is sufficient to
characterize the base composition of a genome by a sin-
gle number, p, the combine probability of (A+T). A
k-spectrum is actually the superposition of k+1 sub-
spectra, each being the frequency distribution, or an
m-spectrum, of the set of k-mers with a fixed number
m of (A+T)’s, m=0 to k. only when p is nearly equal to
0.5, which is not the case for most genomes, would the
m-spectra have the same mean frequencies. The half-
width (∆′

m), or standard deviation, of an m-spectrum
from a random sequence is inversely proportional to the
mean frequnecy of the m-spectrum, and tends to be
very narrow. But the half-width (∆′

m) of the genomic
m-spectrum is always much broader. A quantitative
measure of the broadening of the genomic spectrum rel-
ative to that of its random match is the reduced spectral
width (RSW), defined as

Mσ(k) =
1
L

∑
m

Lm

(
∆m/∆′

m

)
(1)

where Lm, which satisfied the sum rule
∑

m Lm = L,
is the number of k-mers included the m-spectrum. In
this equation only ∆m depend on details of the genomic
m-spectra; the quantities ∆′

m and Lm have well de-
fined theoretical values given p, k and m (see Methods).
It was shown1 that RSW per sequence length is very
close to being a k-dependent but genome-independent

universal quantity. The quantity Lr(k)≡L/Mσ(k) av-
eraged over all whole genome sequences was found to
yield a universality class of equivalent random-sequence
lengths (ERSL, in units of bases) approximately given
by Lr(k) = Lr0e

ak for 2≤k≤10, where a≈0.916 and
Lr0≈42.1 (Table 3). Of the about 250 complete chro-
mosomes from 130 prokaryotes and 10 eukaryotes stud-
ied, only the 14 chromosomes of Plasmodium falciparum
form another class given by a≈0.336 and Lr0≈139. As
its name suggests, Lr(k) may be interpretation as the
equivalent legnth of a random sequence having the same
RSW as all the genomes in the universality class. This
outcome is unexpected because the ERSL of a random
sequence is just its own length, and genomes and ran-
dom sequence do have many common properties.
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Figure 1: RSW (Mσ) of k-spectra, k=2 to 10, of segments from the
246 Mb chromosome I of H. sapiens. Lengths of the segments are 1/2n

of full length, n=1 to 21, and for each length eight segments are randomly
selected. Data for which segment length is less than 4k are not included.
Data for the same k forms a k-band approximately linear in L (red line),
and each data point has been multiplied by factor of 210−k to delineate
the k-bands for better viewing.

A remarkable feature of the universal ERSL is how
small they are (for the smaller k’s) when compared to
actual genome lengths. For instance, Lr(2) is only about
300 and Lr(6) of the order of 10,000, as compared to the
cannonical length of 1 Mb of microbial genomes and
the length of 100 Mb of some of the eukaryotic chro-
mosomes. This being the case, one may ask whether
individual segments of a genome sequence from a (uni-
versality) classs also belong to the class. Fig. 1 show the
result of testing this indea on two complete sequences,
on chromosome I of Homo sapiens in panel (A) and on
the genome of Escherichia coli in panel (B). In each
case, for a given k, k=2 to 10, eight segments of 1/2n

times the full sequence length, n=1,2,· · ·, down to a seg-
ment length that is just less than Lr(k), are randomly
selected from the sequence and their Mσ(k) computed.
With Lr(2)≈260 b and the lengths of the H. sapiens chr.
I and E. coli being 230 and 4.6 Mb, respectively, the
maximam n used in (A) and (B) are 21 and 15, respec-
tively. The computed Mσ(k) for the segments together
with the Mσ(k) of the full sequence are plotted against
segment length L in the figure. In the figure data for the
same k form clear k-bands suggesting a linear relation
between Mσ(k) and L. In each panel the red line going
through most of the k=3 data indicates an actual linear
relation. If the data point from a segment shares such
a line with the data point from the complete sequence,
then the ERL of that segment is the same as that of the
complete sequence and that segment is said to similar
to complete sequence. If every segment of length λ or
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longer in a genome (or chromosome) is similar to the
genome then we say the genome is self-similar to the
scale λ. The results shown in Fig. ?? suggest that H.
sapiens chr. I and the E. coli it is very likely are self-
similar to a scale that is not much greater than Lr(k).

We find it necessary to take into account the non-
uniformity of a genome by using two lengths to char-
acterize its self-similarity. For given genome and k, we
define Lu to be the length above which all segments
are similar to the genome, and Ld to be the length be-
low which no segment is similar to the genome. Here
we report on our results on Lu and Ld for all complete
genomes.

Materials and Methods
Complete genome sequences
Complete genome sequences used in the present study were
downloaded from the genome FTP site of the (USA) National
Center for Biotechnology Information. The 163 complete mi-
crobial genomes (the prokaryotes) were downloaded on Oc-
tober 9, 2003 from ftp://ftp.ncbi.nih.gov/genomes/Bacteria/
and the 127 chromosome sequences of ten complete eukary-
otic (the eukaryotes) were downloaded on July 15, 2003 from
ftp://ftp.ncbi.nih.gov/genomes/.

Generation of k-spectrum
Occurrence frequencies of the 4k overlapping k-mers are
determined by sliding a k-nucleotide-wide window one nu-
cleotide at a time across the genome. Passing the sliding
window once over the genome suffices to generate the sets for
all k’s.5

Computation of RSW
We give expressions for the quantities Lm and ∆′

m appearing
in Eq. (1). For given p, k and m, Lm = 2k(k,m)f̄m(p), where
f̄m(p)=f̄2kpm(1 − p)k−m is the expected mean frequency of
the m-spectrum, and (k,m) is the binomial in the expansion
(p−(1−p))k =

∑
m(k,m)pm(1−p)k−m = 1. In real genomes

the actual mean frequency of an m-spectrum is invariably
very close to f̄m(p). In a completely random sequence the
stv of a k-spectrum with mean frequencey f̄ should be (1 −
21−k)f̄ . The random sequence we consider is not completely
free, rather is it (very close to being) self-complementary with
(A+T) content p, hence the expected stv of the m-spectrum
is approximately ∆′

m=(1− 21−k)f̄m(p).

Search procedure for minimum similarity lengths
For each complete sequence and each k we want to find
Lu (the length above which all segments are similar to the
genome) and Ld (the length below which no segment is sim-
ilar to the genome). Suppose the length and RSW of the
sequence (for a given k) are L and Mσ, respectively. We
search for Lu and Ld by computing the RSW of segments of
length l, lmin ≤ l ≤ lmax, in intervals of ∆l (Table Table 1).

Table 1: Parameters for lengths of segments l randomly selected
from the genome/chromosome for testing. For given k, l = lmin + n∆l,
n=1,2,· · ·, and lmin ≤ l ≤ lmax. Note that lmin & 4k.

k lmin (kb) lmax (kb) ∆l (b)
2 0.1 6.0 50
3 0.1 10 100
4 0.3 25 200
5 1.1 56 500
6 4.1 25 1000
7 16.4 124 5000
8 66.0 1170 10000

For a given l, a set of 25 segments of length l are randomly
selected from the sequence and their RSW, Mσi, i=1 to 25,
computed. A χ-square for the set defined as

χ2(l) =
1
25

n∑
i=1

((
log

LMσi

lMσ

)
/ log 2

)2

(2)

If χ2(l) is less (greater) than one, then on average Mσ
2
i does

not deviate (deviates) more than a factor of two from the
value expected from the RSW for the whole sequence, and
we say a segment of length l is (not) similar to the whole
sequence. Lu is identified by the relations χ2 ≥ 1 at l = Lu

and χ2 < 1, for all Lu < l; and Ld is identified by χ2 > 1 for
all l < Ld and χ2 = 1 at l = Ld. This procedure is repeated
for all 2 ≤ k ≤ 8 and all complete genomes/chromosomes.
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Figure 2: Search for Lu and Ld in H. sapiens, k=2 and S. aureus,
k=3.

The plots in Fig. 2 illustrate the search procedures in H.
sapiens chr. I, k=2 and in S. aureus, k=3, respectively. The
considerable fluctuation in the χ2 is an indication of the non-
uniformity of the genome. Note that in both cases most seg-
ments of lengths falling between Ld and Lu have χ2<1.

Results
The results on Lu and Ld for k=5 from all complete
sequences are shown in the two panels in Fig. 3, where
the heights of the red and green bars give Ld and Ld,
respectively. The abscissa give complete sequences ar-
ranged in groups, with all the prokaryotes forming a
single group and chromosomes of individual eukaryotes
forming separate groups.
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Figure 3: Lu (the length above which all segments are similar to the
genome; green bars) and Ld (the length below which no segment is similar
to the genome; red bars) for k=5 for all complete sequences in the main
universality class. Within each group the sequences are given from left to
right in order of ascending Lu. The blue (yellow) line is the position of
Lmax (Lmin).

Results for Lu and Ld for k=2, 4, 6 and 8 are given
in the four panels in Fig. 4. The magnitude of Ld
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Table 2: Lu (the length above which all segments are similar to the genome; green bars) and Ld (the length below which no segment is similar to
the genome; red bars) for the 113 eukaryotic and 163 prokaryotic complete sequences, the 14 P. falciparum chromosomes and the model sequences for
the 24 H. sapiens chromosomes.

Eukaryotes Prokaryotes Plasmodium Model sequence (H. sapiens)

k Ld Lu Ld Lu Ld Lu Ld Lu

2 4.20±2.18 E2 1.63±1.26 E3 5.43±3.69 E2 1.12±1.12 E3 5.872 E3 6.100 E3 6.45±1.24 E2 9.14±3.15 E2
3 9.62±4.43 E2 2.08±1.65 E3 1.20±0.84 E3 1.70±1.50 E3 1.770 E3 7.269 E3 1.07±0.15 E3 1.22±0.13 E3
4 2.35±0.92 E3 4.88±3.89 E3 2.66±1.55 E3 3.47±2.61 E3 2.284 E3 8.084 E3 2.20±0.28 E3 2.45±0.25 E3
5 6.39±2.03 E3 1.18±0.91 E4 6.15±3.17 E3 7.54±4.39 E3 3.421 E3 8.455 E3 4.97±0.41 E3 5.47±0.41 E3
6 1.63±0.48 E4 3.11±2.36 E4 1.53±0.77 E4 1.78±0.92 E4 5.669 E3 1.195 E4 1.23±0.11 E4 1.34±0.11 E4
7 4.12±1.24 E4 6.82±5.71 E4 3.99±1.96 E4 4.60±2.28 E4 3.16±0.30 E4 3.66±0.30 E4
8 9.77±3.23 E4 1.76±1.62 E5 1.10±0.45 E5 1.20±0.55 E5 9.14±0.76 E3 1.01±0.07 E5

is an indication of the degree of self-similarity of the
sequence on avearage; a smaller Ld means more self-
similar. The maginitude of ∆L= Lu-Ld is an indi-
cation of the homogeneity of the self-similarity of the
sequence; a smaller ∆L means a higher degree of ho-
mogeneity. We notice from Fig. 3 and (4) that: (i)
For a given k Ld is of the same order of magnitude
for all sequences. (ii) Generally a larger Ld is ac-
companied by a large Lu. (iii) with the exception of
the case k=2, ∆L is quite small for most sequences
and decreases with increasing k. Even in the case of
k=2 Lu is within a factor of two of Ld in most cases.
(iv) In some cases Lu is up to an order of magnitude
greater than Ld. More detail on results are given at the
URL http://biomac.phy.ncu.edu.tw/genome/self sim/
main.html.
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Figure 4: Lu (green bars) and Ld (red bars) for k=2, 4, 6 and 8; see
caption for Fig. 3 for more detailed description.

The results for Lu and Ld averaged over the prokary-
otes and eukaryotes, respectively, are tabulated in Ta-
ble 2. For the prokaryotes, the difference between Lu
and Ld is small, and they are quite close to the eukary-
otic Ld. Denoting by Lsim the average of the three we
have approximatley,

Lsim(k) = Ls0 eask; 2 ≤ k ≤ 8 (3)

where as=0.780±0.0xx and Ls0 = 166± 120 (Table 3).
The eukaryotic Lu is noticebly greater than Lsim. This
is a reflection of the inhomogeneity of many of the eu-
karyotes. On the the other hand, the eukaryotes E.
cuniculi, yeast and fission yeast are among the most ho-
mogeneous genomes (4). Overall the prokaryotic and
eukaryotic values for Lu and Ld are in fair agreement,
as shown in Fig. 5 (A).
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Discussion
Genomes seem to be highly uniform and self-similar.
Moreover, that share universal length scales to a re-
markable extent. We began this study by noting
that the universal equivalnet random-sequence length
(Lr(k)) of genomes are very short and wanting to know
this a local and homogeneous property fo genomes
and, if so, at what length (Lsim(k)) do randomly
selected segments of genomes exhibit this property.
Obviously, if Lsim(k) does exist, then the inequality
4k<Lr(k)<Lsim(k) must hold for each k. The lengths
given in Table 3 show that this criterion is satisfied.
The remarkable thing about these lengths is that in
most cases Lr(k) is not much greater than 4k and in
all cases Lsim(k) is barely greater than Lr(k). In this
sense genomes are highly uniform and are very close to
being maximally self-similar.

Table 3: Comparison of 4k and mean values of Lr(k) and Lsim(k).

k 4k 〈Lr〉 〈Lsim〉
2 16 310±200 690±570
3 64 680±350 1300±990
4 256 1690±760 2820±1700
5 1024 4450±1900 6690±3200
6 4096 12300±5200 16400±7200
7 16384 33600±15000 42700±18000
8 65536 89500±43000 109000±44000

Figs. 3 and 4 show that there are sequences with Lu’s
significantly greater than the norm. Those that have
exceptionally large Lu’s for four or more of the k’s are
listed and commented upon in “Supplementary Mate-
rial”. Larger Lu implies a low degree of homogeneity in
the sequence. Some of these are parasite or symbionts
or seem to have numerous genes acquire by lateral gene
transfer, but no dominant cause was identified as the
source of nonhomogeneity in the present study.

In Chen et al.1 a model for genome growth in which
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growth is dominated by maximally stochastic segmen-
tal duplications was devised to explain the rise of the
ERSL universality class. To conform with the simplic-
ity of the universality class - it has only two parameters
- the model was allowed to have only three parame-
ters: the initial length (l0) marking the onset of the
growth-by-duplication process; the average (randomly
selected) length (lx) of duplicated segments; the rate
(r) of point replacements imposed on the sequence af-
ter it has grown to full length. The initial sequence as
well as all selections made in the growth process are
random. The existence of the universality class imposes
stringent constraints of the parameters of the model. A
set of sequences matching the profiles of the complete
genomes generated from the model using the optimum
parameters (l0=8, lx=250 and r=1.05) reproduced to a
high degree of fidelity not only the universality class but
also the individual genomic k-spectra.1 Here we com-
puted the Lu and Ld from the 24 model sequences the
match the 24 H. sapiens chromosomes and the results
are given in last two columns in Table 2 and compared
with the genomic Lsim (Table 3) in Fig. 5 (B). The ex-
cellent agreement lends credence to the genome growth
model, not least because the model sequences predate
the Lsim data.

In the Lu and Ld from the model sequence, the
small standard deviations simply reflect the small sam-
ple size (24 sequences versus 276 sequences in the
genome set), but the relatively small difference between
Lu and Ld is a real effect and indicates that textually
the model sequences are significantly more homogeneous
than genomes.

Genomes are rich in duplications
Independent from our contention that large SI in a
genome suggests a large amount of random duplica-
tions over the entire genome, there are other evidence of
duplications in genomes: the existence of many trans-
posable elements; the large amounts of repeats in both
prokaryotes12 and eukaryotes;13,14 the preponderance of
paralogs (genes) and pseudogenes in all life forms;15,16
chromosome segment exchanges that seem to charac-
terize mammalian8 and plant17 radiations. In deed, our
proposed growth model may at least be taken as a start-
ing point for an explanation of such phenomena.

Did random duplication speed up evolution?
There is some independent evidence suggesting that
such a growth strategy with a reliance on duplication
may have the effect of enhancing the rate of evolu-
tion18,19 and increasing the robustness of organisms.20
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